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(i) 
In this (lissortation we have confined ourselves to 
research work on Generalised Laplace Transforms done till 
recently. In particular we have concentrated on the work of 
Dr. Kapoor(1966) for reasons that become clear from the 
following context. 
There have occured several generalisations of - the 
Laplace transform by various writers giving results that 
increase tlie bulk rathei~ than the material content on the 
subject. Kapoor has given a generalisation by taking 
Meijer's G-function as a Kernel which can be termed as the 
nucleus of the transformation. The fact that Meijer's G-
function is a most generalised function need not be over-
emphasised. The books on Integral Transforms and Higher 
Tran,ycendential functions written under the Bateman 
Manuscript project bear enough testimony to this fact. 
Almo.st. every function of importance in Mathematical Analysis 
can be expressed as a special case of the G-function. So we 
can say that the results by Kapoor, as can be seen from 
this dissertatioi:i incorporates almost all results that occur 
scattered under similar investigations given earlier by 
other writers. The results so obtained take a very elegent 
form when expressed in G-function. 
The present dissertation comprises five chapters. The 
first chapter as usual, contains a historical account of 
the various generalised Transforms and is a mere compilation 
of the works of different writers. Due to a large /lUmber of 
writers having resorted to the investigations on Laplace 
Transforms, many more results could not be given in this 
dissertation for fear of increasing the bulk of this work. 
As the generalise4 Laplace transform defined in chapter II, 
contanis Meijer's G-function as the Kernel, a brief account 
of the said function lias been given. 
In chapter II, tlie generalisation of the Laplace 
transform due to Kapoor has been considered. One obvious 
cidvantage of this is tliat by specializing the parameters 
involved in the generalised transform under consideration, a 
number ol welJ -known transfc>rms may be deduced. An inversion 
formula supported by suitable examples is also given. Some 
rules and reccur-onoe relaLiona have also been given Several 
l)articuiar oases boLh known and unknown have been deduced. 
Some infinite integrals involving Meijer's G-function that 
have been evaluated using the transform are also given. 
("hapter III & IV contains a number of theorems 
involving a chain of the generalised transform defined in 
the chapter II, and otlier transforms like Varma's, Meijer's 
etc, and Laplace transforms. Many known and unknown results 
follow as direct consequences of these results. These 
theorems have been supported by a number of examples that 
enable us in evaluating certain infinite integrals. 
Chapter v, deals with the correlation of the 
generalised Laplace transform with some integral transforms 
like Hie generalised Hankel Transforms due to Agrawal, R.P. 
and Roop Narain and the Yv - Hv - transform due to 
Titchmc^rsh. 
in the end a compz'eliensive bibliograF>hy of orginal 
research papers is given 
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CHAPTER I 
A BRIEF HISTORICAL INTRODUCTION TO THE LAPLACE 
TRANSFORM 
1.1 Let F(s,t) be a known function of two variables s 
and t and f (t) a known function of t defined for all 
t > 0. Then, if the integral 
$(s) = 7 F(s,t) f(t)dt (1.1.1) 
0 
is convergent, (1 .1 .1 ) def ines a function of the var iab le s . 
This funct ion i s ca l l ed the In tegra l transform of the function 
f( t) and the function F ( s , t ) i s known as the kernel of the 
t ransform. 
Transforms of the type ( l . l . l ) have long been known and 
the spec ia l case of t h i s when 
- S t 
F ( s , t ) = e 
and hence 
$ ( s ) = / e f ( t ) d t (1 .1 .2) 
0 
leads us to the subject of c l a s s i c a l Laplace transform. The 
i n t e g r a l transform represented by the r e l a t i o n (1 .1 .2) is the 
: 2 : 
c l a s s i c a l or ordinary Laplace t ransform. This was introduced in 
Mathematical Analysis by Laplace about the year 1812 and has 
received a good deal of a t t e n t i o n during the pas t several years 
due to i t s wide app l i ca t ion in the so lu t ion of ordinary and 
p a r t i a l d i f f e r e n t i a l equat ions and in engineering and Technologi-
cal problems. 
The c l a s s i ca l Laplace transform defined by ( 1 . 1 . 2 ) has 
been studied both ex tens ive ly and i n t ens ive ly by d i f f e r en t 
Mathematicians l ike E rde ly i , Amerio, Boas, Varma, Meijer and 
many o t h e r s . 
The transform (1 .1 .2 ) i s symbolical ly denoted by 
$(s)Cf(t) or f(t);:>5(s), (1.1.3) 
at 
The function f(t) =0(e ) for large t so that the 
integral (1.1.2) converges for Re(s) > a. And ^( s) defines 
an analytic function of s for Re(s) > a in the s-plane. 
An inversion formula for (1.1.2) was given by Erdelyi 
[ 21 ] in 1943 . 
If $(s) = /" e f(t)dt, 
0 
then f( t) can be found as follows: 
3 : 
at 2 1 1 S e t t i n g e = Sin -^  9 and expanding f ( t ) = Cot ^ 0 
2 a j^ , CO 
Sin 7? © m the form of a Cosine s e r i e s r: a + Z a Cosn 0 
^ 2 o , n 
Inhere a i s given by the e x p r e s s i o n , 
a = I I Cnj^(a+m) ( 1 . 1 . 4 ) 
^ m=0 
C' ' s be ing the c o e f f i c i e n t s in the expans ion of 
oo 2in , 
Cos n© = Z Cm Sin ^ ©, 
m=0 
we g e t 
a t , , oo 
f ( t ) = e t an ^ 0 [^ a^ + Z a^ Cos n©] ( 1 . 1 . 5 ) 
Amerio [ 5 ] gave a n o t h e r i n v e r s i o n formula fo r ( 1 . 1 . 2 ) in 
fo l lowing form: 
oo — S t 
If J ( s ) = / e f ( t ) d t , 
0 
then 
k+iA St 2 " 
f ( t ) = Lim / e [ l -% - ^ l $ ( s ) d s ( 1 . 1 . 6 ) 
A—> oo k- i / \ A 
under some s u i t a b l e c o n d i t i o n s over the pa rame te r s n, A and k, 
1.2 S e v e r a l g e n e r a l i s a t i o n s of the Lap lace t rans form 
(i)(s) = s / e f ( t ) d t ( 1 . 2 . 1 ) 
0 
: 4 : 
which is symbolically denoted by 
(t)(s) = f(t) (1.2.2) 
have been given, from time to t ime, by d i f f e r e n t authors l ike 
Meijer , Boas, Varma and o t h e r s . A br ief account of these genera 
l i s a t i o n i s given in the following: 
(1) The general ised transform due to Meijer [39] i s 
o " 1/2 
4 ) ( s ) = V 7 / ( s t ) K ( s t ) f ( t ) d t . (1 .2 .3 ) 
which reduces to (1 .2 .1) when m = + 2 • This is usua l ly knovn 
as the K-transform and has been studied in d e t a i l by var ious 
research workers. 
(2) Another gene ra l i s a t ion due to Meijer [40 ] known as the 
Meijer transform i s given by 
(j)(s) = s / " e ^ ^ ( s t ) ^ W,,^^^ ( s t ) f ( t ) d t , (1 .2 .4) 
where W|^,m(z) i s the Whittaker funct ion [ 68 ] for ( 1 . 2 . 4 ) , 
we s h a l l use the follov^ing no ta t ion due to Jaiswal [ 31 ] 
(t)(s) —iii > f ( t ) (1 .2 .5 ) 
when k = +m, (1 .2 .4) reduces to ( 1 . 2 . 1 ) . 
• 5 • 
A considerable amount of work in this direction has been 
done by Meijer himself. Conspicuous among those who have 
pursued this transform further are Jain [29,30] Jaiswal [ 31, 32 
and 33 ], Bhonsle [l2,14] and Mehra [38 ]. 
A detailed and systematic study of the topic has been 
made by Jain [ 29 ]. He obtained images of certain functions 
and the originals of those functions whose images are well known 
Certain formal rules for this transform have been established by 
him and these have been illustrated by means of examples. He 
derived some properties of the transform with the help of a 
generalised theorem due to Goldstein [ 26 ]. 
Jaiswal [31] gave some properties of the Meijer -
transform. Certain formal rules for this transform similar to 
those of the Laplace transform have been investigated by him. 
He [ 32 ] has further derived certain properties of the Meijer 
transform by using the properties of the Whittaker function. 
Besides, quite a good number of other results have been arrived 
at. We give below a few of them. 
(i) If [ 33 ] 
: 6 : 
4)(s) = f ( t ) 
and k + i 
f(s) ^ ^ > g(t), 
then 
^is) = / g(u)X(u,s)du, (1.2.6) 
0 
where 
s[7 (2-k+m) p 2-k+m, 2-k-m ") 
X ("»s) = 2 r- 2^11 -u [> ^1-2.7) 
u^ r2-2k) ^ H 2-2k ; ^  J 
provided that Re(2-k+m) > 0, Re(s) 2 s > 0, Re(u,-k+m+l) > 0 
where g( u) =0(u ) for small u, g(u)X(u,s) tends to zero 
when u —^ « for Re( s) 2 ^ > 0 and the Meijer transform 
of 1 g( t) 1 exists. 
(ii) If [ 33 ] 
k + -i 
(|)(s) _.2^f(t) 
and f ( t ) is self r ec ip roca l in the Hankel transform of order 
then 
oo 
<^i^) = / G :^ (^) f ( u ) d u , ( 1 . 2 . 8 ) 
0 ^ 
where 
• 7 • 
'^ '^ "^ 2V(^.i)r(^-2^) ^ 
->}-k+m+| , :^-k+m+5/2 2 
L^^^^ ^ - 2 k + 3 / 2 y ) - 2 k + 5 / 2 s^ 
i^+J-1 2 * 2 
prov ided t h a t 
( i ) The Mei jer - t r ans fo rm of 1 f ( t ) 1 e x i s t s ; 
( i i ) R e ( D + i^j^  + | ) > 0 wehre f ( t ) = 0( t ^) f o r small t ; 
J, 
( i i i ) u2 01; ( t u ) f (u) t ends to zero as u tends to <» for 
t > 0 , 
( iv) Re( i3-k + m + ^) > 0 , Re( s) 2 s^ > 0 and the i n t e g r a l 
( 1 . 2 . 8 ) i s a b s o l u t e l y c o n v e r g e n t . 
(3) The g e n e r a l i s a t i o n due to Boas [ 15 ] i s 
0 0 
^{5) = s / g ( s , t ) f( t ) d t ( 1 . 2 . 1 0 ) 
0 * 
where g(s,t) is function of two variables s and t, the 
-st 
Kernel g(s,t) is, in some sense 'nearly' e 
(4) At the Indian Science Congress, 1945 (Nagour, India), 
Varma [ 64 ] gave the generalisation 
-1/4 
(t)(s) = s / (2st) W. ^  (2st) f(t)dt (1.2.11) 
0 '^»''' i 
which is known as Whittaker transform and reduces to (1.2.1) 
: 8 : 
when ^ = "7 ^'^^ ^ - t "A' 
Bose [16,J18 ] has made a detailed and systematic study 
of this transform. He has symbolically denoted (1.2.1) by, 
Us) = f(t) 
m 
(1.2.12) 
(5) In the year 1951 , Varma [ 65 ] i n t r o d u c e d ano the r genera-
l i s a t i o n of ( 1 . 2 . 1 ) in the form: 
(t)(s) = s / e ^ ( s t ) 2 W. ^ ( s t ) d a ( t ) ( 1 . 2 . 1 3 ) 
where a( t) is a function of bounded variation in 0 _< t _< s 
for every s and Re(m) > 0. 
As all absolutely continuous functions are necessarily 
of bounded variation [ 27 ], we shall take a( t) to be abso-
lutely continuous and in that case if we take da(t) = f(t)dt, 
we arrive at 
(t)(s) = s / (st) ^ e ^ W. (st) f(t)dt 
n K,in 
(1.2.14) 
we denote the generalised Laplace transform (1.2.14) symbolicall 
by 
V 
i^Cs) =^nif(t) or (t)(s) =W[f(t); k,m] (1.2.15) 
9 : 
and call it the Varma transform throughout the work. On taking 
k = +m = -^f (1.2.14) reduces to (1.2.1)j three real inversion 
formulae for (1.2.13) have been investigated by Varma [6^ ] 
one of which is as follows: 
4[a(x+) + a (x-) - a (0+) = Lim / L, „ [F(t)]du (1.2.16) 
l,u 
fo r a l l p o s i t i v e x, where L, [ F ( t ) ] i s an o p e r a t o r defined 
by 
Widder [ 6 9 ] as 
LQ ^ [ F ( t ) ] = F(u) 
Li,u tp(^)^ = f : t-^(")^ ( 1 . 2 . 1 7 ) 
and i - 1 2 i - l 
4 , u t f ( ^ ) ^ = J ^ ( l - 2 ) --prZT [ u^F(u ) ] 
and F ( t ) = 
I (m-k+3/2) oo —m— 1/2 - ^ s t 
1 (2m+l) 0 
/ ( -St) ^ k - 1 m^"^^^ (t)(s)ds 
( 1 . 2 . 1 8 ) 
In the same paper Varma s t u d i e d the problem of convergence of 
( 1 . 2 . 1 3 ) . 
R a t h i e [ 4 3 ] gave the e x t e n s i o n of the P a r s e v a l - G o l d s t e i n 
theorem [ 2 6 ] of the Lap lace t r ans fo rm as fo l l ows : 
: 10 : 
V 
If (t)i(s) = f , ( t ) 
k,m -^  
and (t)o(s) = ^ = foC t ) , 
2 k,m ^ 
then 
du r A /- N jr / . . \ dv / (t),(u) f2(u) ^ = / (t)2(v) f2(v) ^ , ( 1 . 2 . 1 9 ) 
Q X ^ U Q ^ ^ V 
R a t h i e has a l s o g iven a number of r e s u l t s in the form of 
theorems on the Varma t r a n s f o r m , t h r o u g h which some i n t e g r a l 
r e p r e s e n t a t i o n s of the Whi t t ake r f u n c t i o n have been given and 
some i n f i n i t e i n t e g r a l s have been e v a l u a t e d . A few of these 
r e s u l t s a re enumerated below: 
( i ) I f [ 42 ] 
V 
(t)(s) - r z h(x) 
k,m 
2 - 1 
and s h ( s ) :t g( x) , 
then 
s ^ ' n r (J^+m+m) - r A+2m, i 
4>(s) = - — r— / 2^11 
k 4 ^ 
; 4 \ g(t)dt , 
s 
( 1 . 2 . 2 0 ) 
where Re( s) 2 s^ > 0 , Re( Z ) > 0 , Re( 1+2m) > 0 , 
o 
R e ( x ) - H-m+m+l) < 0 , Re(n+l ) > 0 , where g( t) i s con t inuous 
: 11 : 
for t > 0 , g( t ) = 0 ( t ^ ) for small t and g( t) = 0( t ^ ) 
for l a rge t . 
( i i ) If [ 42 ] 
(t)(s) i h ( t ) 
and 2 - i 
h(s) ^ g ( t ) , 
then 
s R U r ( l+2m) CO - t r ^ ' ^^2m 
4 ) ( s ) = - - J / X 2 ^ ^ ; - | T g ( t ) d t , 
(1 .2.21) 
where Re( s) 2 so > 0 , Re( (+m+m) > 0 , Re(^+m+m+l) > 0 , 
Re(i)+l) > 0 , where g( t) i s continuous for t > 0 , g( t) = 0( t ) 
for small t and g( t) = 0( t ^ ) for l a rge t . 
( i i i ) Rathie [ 44 ] has a lso given a theorem by which recurren 
r e l a t i o n s of the genera l i sed Laplace transform can be der ived. 
The theorem has been proved with the help of known recurrence 
r e l a t i o n s of the Whittaker function involved in the Kernel . 
An exhaustive study of (1 .2 .14) has been made by Roop 
Narain. He obtained the genera l i sed Laplace transform of severs 
funct ions and also the o r i g i n a l of some well known func t ions . 
: 12 : 
He e s t a b l i s h e d c e r t a i n i n t e r e s t i n g p r o p e r t i e s of t h i s t r ans fo rm, 
which h e l p one in e v a l u a t i n g i n t e g r a l s i n v o l v i n g M e i j e r ' s 
G- func t ion and Macrober t*s E - f u n c t i o n . Some of the r e s u l t s 
o b t a i n e d by him are g iven below: 
( i ) I f [ 48 ] 
^(^) R=r ^ ^ ^ ( t ) , 
h(s ) V f ( t ) 
1-/1-Hi 
and s f ( s ) = g( t ) , (^ > O) , 
then 
^{s) = / g(x) u?(s ,x)dx, 
0 
where 
( 1 . 2 . 2 2 ) 
)3{ s,x) 
0 
- z x A-li^-1 22 
33 ^ 
0 , -2m; x)+n- i 
1 ) dx, 
0^+1, xJ+2n+l, k-rm-2 
( 1 . 2 . 2 3 ) 
p rov ided t h a t Re( A-^yiU +p.n) > 0 , Re( ^+m+n+m+n+2) > 0 , 
Re( s) 2 s > 0 , the Laplace t r ans fo rm of | g( t) [ e x i s t s , the 
g e n e r a l i s e d Laplace t r ans fo rm of 1 f ( t ) | e x i s t s and the i n t e g r a l 
in ( 1 . 2 . 2 3 ) converges a b s o l u t e l y . 
: 13 : 
( i i ) I f [ 48 ] 
and 
(t)[s: k,m] = W [ f ( t ) ; k,m] 
p s fib = W [ g ( t ) ; k ,m] , 
then 
2 ^ 1 „ -k-m-^ , 2 
<l)(s ; I + ^ . f ] = W[V"i;(2) ^ t <^{\ t ) ' , k , m ] , ( 1 . 2 . 2 4 ) 
provided t h a t Re(s) 2 s > 0 and the g e n e r a l i s e d Laplace 
+2 
t r ans fo rm of 1 g ( t ) j and j t g ^ | e x i s t . 
( i i i ) I f [ 50 ] 
W[f( t ) ; k,m] = (t)[s: k ,m], 
then 
W[t f ( i ) ; A,^i] 
1-i^ oo 21 
s / ^ G ( s y 
0 o 24 
k- in- | , | i +:i) - A+ r2\ 
J (t)[y;i<,m] 
i ) , i ;+ 2^ , -2m,0 "^ 
( 1 . 2 . 2 5 ) 
provided t h a t Re(s) > 0 , Re( i? 4^1+01+m+ i^+l) > 0 , 2^ i s not an 
i n t e g e r o r z e r o , the g e n e r a l i s e d Laplace t r ans form of | t f(T/ 
e x i s t s and the i n t e g r a l on the r i g h t - h a n d s ide of ( 1 . 2 . 2 5 ) i s 
a b s o l u t e l y c o n v e r g e n t . 
: 14 : 
Roop Narain also obtained some theorems involving a chain 
of transforms, which are generalisation of the corresponding 
properties of the Laplace transform. He [ 49 ] further derived 
some new properties of the generalised Laplace transform using 
the integral representations of the Whittaker function and the 
generalised Goldstein theorem. He [46 ] has also given a gene-
ralisation of the well-known theorem of Tricomi. 
(6) In the year 1961, Mainra [ 35 ] gave a new generalisation 
of the Laplace transform in the following form: 
=o -i St "^4 
(j)(s) = s /" e ^ (st) W , (st) f(t)dt, (1.2.26) 
0 k+^»m 
where Re(s) > 0. 
We shall denote (1.2.26) symbolically by 
M 
(|,(s) _ f(t) (1.2.27) 
A,k,m 
It is evident that (1.2.26) reduces to the Meijer transform 
(1.2.4) when A= k and to the Varma transform (1.2.14) when 
A= -m and k + ^  is replaced by k. The author has also 
established the following Lemma: 
oo |J, — ^ S t 
If / t e ^ F(t) = 0. 
0 
then 
F(t) = 0, (1.2.28) 
: 15 : 
provided that 
(i) F(t) is continuous for t 2 0 
( ii) F( t) = 0( f^ ) , Re(n + m + S"+ |) > 0, where t is small, 
and ( iii) Re( k-m) > ^ . 
Thereafter, he has proved the uniqueness theorem of (i.2.2( 
THEOREM; If f,(t) and f2(t) are continuous for t 2 0 
M 
and (l)(s) = — = f,(t) 
M 
(t)(s) = = = f^Ct), 
then 
fl(t) S f2(t) (1.2.29) 
He [ 35 ] has given some theorems analogous to the well-known 
Goldstein theorem and an inversion formula followed by suitable 
examples. Some of these theorems are given below: 
THEOREM 1; Let fj_(t) and f2( t) be continuous in t 2 0 
M 
(t)l(s) f^Ct) 
A-^, k,m 
and 
M 
(l)2(s) -f 2( t) , 
^2 f k, m 
Then / t 2 1 (j) (t) f2(t)dt = / t ^  "^  ^At) f,(t)dt, 
0 -^  "^  0 
(1.2.30) 
16 : 
provided that the integrals converge and 
^1 
(i) fj^ Ct) = 0(t ), Re( ^ 1 1 m - Aj^ ) > - 1 and 
V when t is 
(ii) f2(t) =0(t^2), Re( ^2i"» - ^^ 2^  > - ^ J '""^ ^^  
THEOREM 2 ; Let f.j^(t) and f2( t) be con t inuous in t > 0^ 
M 
^As) = = = f ( t ) 
M 
/Apt K,in 
Then / f ( z t ) ( t ) 2 ( t ) | ^ ^ = | = ( j ) ( s ) = = = / f 2 ( z t ) ( ^ ^ ( t ) f , 
^ ( 1 . 2 . 3 1 ) 
p rov ided t h a t (t)( s) e x i s t s and 
( i ) fj^(t) = 0 ( t ^ ) , Re( r ^ + m - ^ ^ ) > - 1 \ 
n 7 when t i s small 
( i i ) f 2 ( t ) = 0 ( t ) , Re{ ^2 ± m ' A^) > "^J 
£^l cTfl 
and ( i i i ) t (j), ( t ) and t (^2^^^ belong to L(0,oo). 
INVERSION FORMULA; L e t f ( t ) be bounded in t 2 0 and be of 
bounded v a r i a t i o n in the neighbourhood of p o i n t t and 
M 
(j)(s) = = = f ( t ) . 
A,k,m 
: 17 : 
Then 
( 1 . 2 . 3 2 ) 
where S = c + iT, a > R e ( k + / \ + l ) and l|l( £ ) i s the Me l l i n t r ans fo r r 
- 0 - 1 a -1 
of (t)(s), provided t h a t t f ( t ) and t ({)(t) belong to L(0,<») 
and Re( j^ - ^ + m) > - 1 . F u r t h e r , f o r a f u n c t i o n f ( t ) , cont inuous 
in t 2 0 , he con ta ined the i n v e r s i o n formula in the form: 
, c+ioo t ^ T"( S. - k -^+1) 
f ^ ^ ) = 9 7 T / ^l)(i^)cU, ( 1 . 2 . 3 3 ) 
"^^^ c-ioo TTC '^- '^ 1 m+1) 
which h o l d s when c e r t a i n o t h e r c o n d i t i o n s of the theorem are 
s a t i s f i e d . 
(7) In the year 1961, Baner jee [ 6 ] gave the fo l lowing gene-
r a l i s a t i o n of the Laplace t r ans fo rm ( 1 . 2 . 1 ) : 
The con f luen t Hypergeometr ie e q u a t i o n 
2 
X ^ + ( c -x ) ^ - ay = 0 , ( 1 . 2 . 3 4 ) 
dx ^^ 
where C is not an integer, has the two independent solutions 
4) [a , c ;x ] = j _F^ [a , c ;x ] ( 1 . 2 . 3 5 ) 
and 
l | j [ a , c ;x ] = 4 ) [ a , c ;x ] + x (j)[a-c+l , 2 - c ; x] 
T(a-c+l) T(a) 
( 1 . 2 . 3 6 ) 
He has de f ined the g e n e r a l i s a t i o n of the Me i j e r t r ans fo rm ( 1 . 2 . 4 ) 
: 18 : 
of the f i r s t kind of a f u n c t i o n f ( t ) as ( | ) , ( s ) , where 
oo m- -i^  - :^ns t 
(t),(s) = / ( 2 s t ) ^ e '^  ( t ) [ a , c ;2 s t ] f ( t ) c l t . ( 1 . 2 . 3 7 ) 
0 
The g e n e r a l i s e d Mei je r t r ans fo rm of the second k ind , v i z . 
4)( s) i s de f ined s i m i l a r l y with IJJ in p l a c e of (j). These 
t r an s fo rms e x i s t provided t h a t Re(a) > 0 , Re(c) > 0 , 
Re(m) > 0 and f ( t ) i s con t i nuous and a b s o l u t e l y i n t e g r a b l e 
For s p e c i a l v a l u e s of the p a r a m e t e r s m,n ,a and c these 
reduce to known t r a n s f o r m s . He has a l s o given the i n v e r s i o n 
formula f o r the t r ans fo rms ( 1 . 2 . 3 7 ) and the g e n e r a l i s e d 
t r ans fo rm of the second k i n d . 
S e v e r a l o t h e r g e n e r a l i s a t i o n s were a l s o given by 
Sneh L a t a , Arya and o t h e r s , which are no t in vogue. 
Sneh La t a [61] def ined the g e n e r a l i s a t i o n of ( 1 . 2 . 1 ) in 
the form: 
a oo Q- - - ( a - • i b ) s t 2 ^° 2' 
"'k m^°^'^^ ^^  "^^ °'^' 
( 1 . 2 . 3 8 ) 
(|)(s) = s / ( b s t ) ^ e ^ W. ^ ( b s t ) f ( t ) d t , 
which reduces to (1.2.1) when a = b = l = a , c = m , and 
k = ^  + m. Due to its complicated nature not much importance was 
: 19 : 
g iven t o ( 1 . 2 . 3 8 ) . 
Arya [ 4 ] c o n s i d e r e d the g e n e r a l i s a t i o n of ( 1 . 2 . 1 ) in 
the form 
(t)(s) = s / e ^ ( s t ) W ( s t ) d a ( t ) ( 1 . 2 . 3 9 ) 
Q K. , 111 
which r e d u c e s to ( 1 . 2 . 1 ) when k + m = -^  and da( t) = f ( t) d t . 
E r d e l y i [ 25 ] has a l s o given a g e n e r a l i s a t i o n of the 
Laplace t r ans fo rm in the form, 
+0O J - (T i+ i t -4 ) T ( f+it -4 ) ^ i t 
K(2) = ^ / — T- ^ z^ d t , ( 1 .2 .40 ) 
^^ -co JX-Ti+a+it+^) 
where n e i t h e r Re(Ti - ^^^ "^o^ F^ ®( P"2^ ^^ ^ nega t ive i n t e g e r . 
He c o n s i d e r e d the i n t e g r a l t r a n s f o r m a t i o n 
g(x) = / k ( x , y ) f ( y ) d y ( 1 . 2 . 4 1 ) 
0 
and remarked that (1.2.41) was equivalent, after a fractional 
integration by parts, to a Laplace transform viz. 
g(x)=/ e (xy) I„ „-^ - [f(y)]dy, (1.2.42) 
0 "'°= 
where 
1 -n-a X , n 
I^^[f(x)]=— X / (x-u)""' u f(u)du. (1.2.43) 
F(oc) 0 
C o n s e q u e n t l y , many known theorems conce rn ing the Laplace transform 
can be t r a n s f e r r e d to t r ans fo rm mentioned above and so h i s work i s 
: 20 : 
very much r e l a t e d to the i n v e s t i g a t i o n s of Varma and M e i j e r . 
(8) The g e n e r a l i s a t i o n due to Bhise [ 7 ] i s 
Tlj^+aj^,Ti2+a2' 
n 2 » ^ 2 ' * * * 
( 1 . 2 . 4 4 ) 
(t)(s) = s / G ( s t 
0 m,m+l 
,Ti +a 
* 'm m 
) f ( t ) d t 
•%' e 
which is arrived at by considering 
m 
K(x) = : T - / 2n 
III 1 1 
3t r(nj+it-Hi)T~(f+i^) 1 _it 
X 
m , 
xT(i1.+a. + it+^) 
1 J J '^  
d t ( 1 . 2 . 4 5 ) 
P 
and e x p r e s s i n g i t as Me i j e r G - f u n c t i o n , where K(x) = 0 ( [ x | ) 
as x > 0 , where p = m i n . R e ( P , t i . ) , f o r j = l , 2 , m 
oo. When a . = 0, and K( x) vanishes exponentially as x • 
j = 1,2, ,m and P = 0 , (1.2.44) reduces to the Laplace 
transform (1.2.1). He also pointed out that 
(i) for a . = 0( j = 1,2, .... , m-l) , p = /\ -^, a^^^  = -^ -^i 
and Ti = \i-A , (1.2.44) reduces to Meijer-transform (1.2.4) and 
( ii) for a. = 0 (j = 1,2 , m-l) , a^ = ^  - A -\i, P= 0, and 
Ti = 2^, (1.2.44) reduces to Varma transform (1.2.14). 
Bhise has called the generalised Laplace transform (1.2.44) 
the Meijer-Laplace transform and has denoted it symbolically by, 
(t)[s: a^, n^, P] =G[f(t) : a^, n^, P ] , (1.2.46) 
He has given three inversion formulae for (1.2.44), one of which 
is a follows: 
: 21 : 
k-1 
I f X f (x ) be longs to L(0,oo) and f (x) i s of 
bounded v a r i a t i o n in the neighbourhood of the p o i n t x = t and 
oo m+1,0 
r, J- ^ / , ' " ) f ( t ) d t (1 .2 .47) 
then 
, 1 c-hico :^ r (T1 j+a j -k -Hl ) 
i [ f ( t -HD)+f( t -0)] = 2 H -^  
1 J 
where 
oo —k 
F(k) = / s f ( s ) d s , 
0 
- k 
t F (k )dk , 
( 1 . 2 . 4 8 ) 
( 1 . 2 . 4 9 ) 
p rov ided t h a t Re(Ti.-k+l) > 0 , fo r j = 1 ,2 , ,m, Re( / ? -k+i ) >0, 
Re(s ) > 0 and the M e i j e r - L a p l a c e t r a n s f o r m of 1 f ( t ) j e x i s t s . 
Bhise has made a s y s t e m a t i c s tudy of the M e i j e r - L a p l a c e 
t r a n s t o r m . He [ 9 ] has g iven c e r t a i n r u l e s and r e c u r r e n c e 
r e l a t i o n fo r ( 1 . 2 . 4 4 ) . He [ 10 ] has a l s o g iven some f i n i t e 
and i n f i n i t e s e r i e s of M e i j e r G - f u n c t i o n s and [ 11 ] has used -
them to g ive some f i n i t e and i n f i n i t e s e r i e s of M e i j e r - L a p l a c e 
t r a n s f o r m . 
Saxena [ 53 ] has g iven a theorem c o r r e l a t i n g ( 1 . 2 . 4 4 ) 
anu the g e n e r a l i s e d Hankel t r ans fo rm [ 51 ] which i s as 
f o l l o w s : 
If f ( t ) and H[f( t ) ; " ^ 7 a , b ] to L(0,«.) and 
r M 
: 22 : 
Re(n) > - 1 , Re(s) 2 S© > 0 , Re(min. T] . + 2 min. b . ) > Re ( - j i - l ) 
f o r i = 1 ,2 , ,m and j = 1 ,2 , ,q , then 
G [ t f ( t ) : s ; a ^ , T i ^ , p ] = / k ( s , - ^ ) H[f ( t ) ; 1, ; a „ , b^Jdj , ( 1 . 2 . 5 0 ) 
tn' m P ' q-
where 
m m 
1 
l<(s,-^) = ~ 2 
- t i - l 
S X 
q,p+2m+2 
G (-^  
2p+2m+2,2m+2q s 
2 {a^),(^[2,-{n)^-^],^{2,-p-^i), ^-(Sp) 
(b^ ),.^ [2, (^aj-^l, ^ -(b^) 
\ (1.2.51) 
and the relation 
gCS) = H[f(t):lr; (ap), (b^ ) ] 
stands for the generalised Hankel transform [53 ] 
1 1 
oo q , p 
g(>) = V-2/ a ^ 2p,2q 
2 2 
. ^ t 
a 1 » a2 • • • » a , 2"" a^  , 2""a2»• • 
1 ' ^2* * '' * a*2"" t*^^ 2 * 
J, 
' 2 "^p 
1 ,^ ) f(t)at^ 
(1.2.52) 
andT, > 0. He has given several particular cases of the theorem 
and an example by way of illustration. 
The generalisations [ l ] , [ 2 ] , [ 4 ] and other 
-St 
excluding [ 3 ] are the consequence of replacing e of (1.2.1) 
-St 
by a Kernel, which reduces to e on giving particular values 
to the parameters k and m, while the generalisation [ 3 ] is 
: 23 
-St 
the outcome of replacing e by a Kernel g(s,t) which in 
-St 
and the Kernel in [ 8 ] reduces some sense is 'nearly' e 
-St 
to e on taking a. = 0 (i = 1,2,....,m) and f = 0 becau se 
of the i d e n t i t y 
10 
GQI ( x l o ) ^ e 
- X 
( 1 . 2 . 5 3 ) 
1.3 While studying the generalised Laplace transform we have 
assumed the following well known properties. 
(i) In the enunciation of these results of the generalised 
Laplace transform by assuming 
(J)(s) = G[f(t): (ap); (b^) ] (1.3.1) 
we mean that 
oo m, n 
s / G (st 
'l"^2' '^P 
1 * 2'****• n 
)f( t)dt (1.3.2) 
is convergent and is equal to (|)(s), an analytic function, which 
is regular for s <_ Re(s) < s^, s and s, depending on 
f(t). 
Similarly, in the case of the Laplace transform, by 
assuming 
(t)(s) ¥ f(t) (1.3.3) 
o« -st 
we mean that the integral s / e f (t) dt is convergent and 
0 
: 24 : 
is equal to (})( s) , an analytic function which is regular for 
s^ < Re(s) < s,, s^ and s, depending on f(t). 
(11) In general, we have proved the results under sufficient 
conditions. These conditions in certain cases may be relaxed 
by making an appeal to the principle of analytic continuation. 
CHAPTER II 
ON A GENERALISATION OF THg LAPLACE-TRANSFORM AND ITS 
PROPERTIES 
2.1 The integral equation 
oo -St |(s) = / e f(t)clt, (2.1.1) 
0 
where Re(s) > 0, represents the classical Laplace transform 
and the functions ^(s) and f(t) are said to be operationally 
related by the above equation, ^ (s) is called the image of f(t) 
and f(t) the original of $(s). 
Symbolically, we write 
l(s)Cf(t) or f(t)^$(s) 
Many generalisations of the Laplace transform have been given 
from time to time by different authors. In the present Chapter 
we consider the generalisation of (2.1.1) given by Kapoor [ 34 ], 
One obvious advantage of this generalisation is that by specia-
lizing the parameters in the generalised transform under consi-
deration, a number of well-known transforms may be deduced. An 
inversion formula along with two examples by way of illustration 
are given. Also, some rules and recurrence relations for gene-
ralised Laplace transform under consideration have also been 
given. As an immediate application of the results enumerated 
: 26 : 
here some i n f i n i t e i n t e g r a l s t h a t have been e v a l u a t e d are a l s o 
l i s t e d . 
2 . 2 We s t a r t wi th the i n t e g r a l e q u a t i o n 
oo m, n 
^ ( s ) = / G ( s t 
0 p , q 
a , , B ^ , . . . • , a 
b ^ , b 2 , . . . , b 
) f ( t ) d t , ( 2 . 2 . 1 ) 
where 0 ^ m < _ q , 0 £ n < _ p , p + q < \2(m+n) , 
1 1 m, n 
I agr s | < (m+n~ -^p - •^q)'rt and G^ ^ ( s | - ) i s the Me i j e r -G-
f u n c t i o n [ 2 2 ] . 
p.q 
Assuming the existence of the integral on the right hand 
side, denoting (2.2.1) symbolically by 
l(s) = G[f(t):(ap); ( b^) ], (2.2.2) 
,0^ and (a^^g) = a^,a^+l, ,a^. where (a^)sa^,a2,-  _^ , ^^, -^.-^-, ,-^
For q = l = m , n = 0 = p and b^ ^ = 0 , the G- func t ion degene-
r a t e s i n t o the e x p o n e n t i a l f u n c t i o n due to the i d e n t i t y 
10 -X 
G ( x | 0 ) s . e 
01 
( 2 . 2 . 3 ) 
and we get back the classical Laplace transform (2.i,i). As 
usual we call (2.2.1) the generalised Laplace transform and ^ ( s) 
the transform or image of f(t), and f ( t) the original of ^ ( s). 
: 27 : 
2 . 3 INVERSION FORMULAt If §{s) i s the g e n e r a l i s e d Laplace 
t r a n s f o r m of f ( t ) i i . e . i f 
°o m, n 
$ ( s ) = / G ( s t 
0 p , q 
a« J a^ I • • • . ( a 
1 ' o > . . . . f O 
1 2 P ) f ( t ) d t , ( 2 . 3 . 1 ) 
' l ' " 2 ' 
then 
^ [ f ( t - K ) ) + f ( t - 0 ) ] 
c+iT 3L T ( - < . - b J 
2-j;i Lim 
j=m+l J' 
m 
• ^ ^ t llJ(L)di , 
where 
l l J ( l ) 
j = l -^  
oo - J L 
/ s $ ( s ) d s , 
0 
( 2 . 3 . 2 ) 
( 2 . 3 . 3 ) 
c - 1 
prov ided t h a t ( i ) the i n t e g r a l s / x f ( x ) d x and 
oo - l 0 
/ X ^(x)dx are absolutely convergent ( 1= c+iT, -» < T < «) , 
0 
( i i ) f ( x ) i s of bounded v a r i a t i o n in the neighbourhood of the 
p o i n t X = t( t > 0) , ( i i i ) f( x) = 0( x •^ ) , Re(n ) > 0 , f o r small 
v a l u e s of x and f (x ) = 0 ( e ) , Re(^2) > 0 fo r x — > « and 
( i v ) p+q < 2(m+n), 0 <_ m <. q, 0 £ n j< p , p < q, Re( s) > 0 , 
| a r g s | < (m+n- i p - lq)%, - min. Re (b . ) < R e ( l - l ) < l~ma x Re( 
Kjj<m J Kj_<n 
and the g e n e r a l i s e d Laplace t r a n s f o r m of | f( t ) | e x i s t s . 
At a point of continuity x = t, 
: 28 : 
we h ave 
q n 
^(t)=2HL,i: / , , --^ ~'-h 1 m^i, 
j = l J j = l ^ 
( 2 . 3 . 4 ) 
where ll)(Jl) i s given by ( 2 . 3 . 3 ) . 
COROLLARY; ( l ) I f we t ake m = 2 = q, p = l , n = 0 , a = - ^ + l i - A 
b, = 2n and b^ = 0 in ( 2 . 3 . 2 ) , we ge t 
, , c+iT Y'{\x -A - ^+3/2) - I 
4 [ f ( t + o ) + f ( t - o ) ] = ^ Lim / - - : : - - — : 1 i|j(l)d^, 
( 2 . 3 . 5 ) 
where 
llJ(0 = / J(s) s ds, 
0 
a r e s u l t g iven by Saxena [^2 ] fo r Varma t r ans fo rm ( 1 . 2 . 1 4 ) . 
(2) On t a k i n g m = l = q , p = 0 = n and b, = 0 , ( 2 . 3 . 2 ) 
r e d u c e s to 
i [ f ( t - K ) ) + f ( t - 0 ) ] = ^ L i m / ~ / V $ ( s ) d s dt ( 2 . 3 . 6 ) 
which i s a well-known r e s u l t [ 6 3 ] . 
: 29 ; 
l^  1/2 
EXAMPLES; ( l ) Le t f ( t ) = t ^ ( t ) 
Then [22] 
2^+2 m,n+l 
^ ( s ) = 2 G ( 4 s 
p+2,q 
- 1 x 4 ^ . a, 
. - . ^ ^ 
) . ' 1 - ' - p , 
D1 • D^ • • • • . O 
1 2 ' q 
prov ided t h a t p+q < 2(m+n) , | a rg 4 s | < (m+n-ip - ^q)n, 
Re(^i + a^) < ^ and Re( b^-Hi-t^^) > - 1 , f o r j = 1,2 
and i = 1,2 , . . . 
m 
n . 
Hence 
, . "^  I ^ " 2^1+2 5 m,n+l 
llJ(^ ) = / s - ^ $ ( s ) d s = / 2 S-* G ( 4 s 
0 0 p+2,q 
-^'^^AB),-Vi4^ 
bj_,b2, . b . 
)ds 
^ .1=1 ^ i^ i J '^^^'^^ 
7-(i^ ^ iT)-i)-r-(i_^4)j_x) 2 r(b,-!L)^ r (a . -L+I 
j=in+l J j=n+l J 
•2 
where p+q < 2(m+n) , Re(^i+^1^ + JL) > 0 , Re( ^ - n - i ^ ) > 0 , 
R e ( b j - X ) > - 1 and Re( X - a . ) > 0 fo r j = 1,2 ,m and 
1 — X y ^ y « « * * i n * 
And t h e r e f o r e 
2Tii c-io 
, m n q 2a c+ioo r ( w 4 ^ ) ^r(b,+i-2) jL.r(A-a) iL n i - b . ) 
r 3=1 J si^l -* a=m+l :i_ 
F ( 1 - ^ 4 ^ - 0 i L T ~ ( b . + l - i ) n. F ( ' t - b J I L F C - t - a . ) 
^ j = l J j=m+l •> j = l J 
•^ r ( a . - t + l ) 2 l -)L 
i3Q±l 1 2 t dl. , 
3L T ( a . - l + l ) j=n+l J 
= 2 
2ti 
r r / 2 t dL , 
C-loo 
^ 1/2 
t Jp ( t ) = f ( t ) , 
: 30 : 
s i n c e [ 22 ] 
1/2 ^i /  2ti 1,0 ^, , , 
t J^(t ) = 2 G ( | j ^ 4 ^ ' t^-^^)» 
2p, , c+loo 
2n = 2 - ^ r 
n 1+^4^) -I 
c - i « T d - l - V i + A ^ ) 
( l ) dl. , ( 2 . 3 . 7 ) 
by d e f i n i t i o n of the G - f u n c t i o n . 
- At 
(2) L e t f( t ) = e 
Then [ 2 4 , p .419] 
, m,n+l 
$ ( s ) = i G , ( 1 /\ p + l , q 
' " P 
'1 
where p+q < 2(m+n) , | a rg s | < (m+n—jp—^q) it, | arg ^ | < ^ and 
Re(b j ) > - 1 , f o r j = 1 ,2 , m. 
Hence 
-i. 
llJ(0 = / s J ( s ) d s 
0 
, m n 
r^Vi I) It r ( b.- i+i) jL. n ^ -a J 
^ 1=1 ^ i^i ±_ 
q p 
3L 7~(K.-b,) TL F ( l + a . - ( ) j=m+l j=n+l 'J 
: 31 : 
1 1 p rov ided t h a t j arg ^ ] < {m+n-2P-2<^) ii t Re( /I ) > 0 , Re(b.-J() > - 1 
and Re( j.-aj > 0 for j = 1,2,....,m and i = 1,2, 
,n. 
Thus, we have 
2n l 
c+io 
c-io 
1 r ( i - b j X r(a.-A+i) I 
J3n±l i _ t o ± l i t llKO dl 
m n 
j=l J j=l J 
T C + ioo - L 
2H -/" . n n (.11) dl, 
c - i o * 
-At 
e = f ( t ) . 
Hence the inversion formula is verified. 
2.4 Before proceeding to give certain rules and recurrence 
relatibns for the generalised transform (2.2.1), some particular 
cases of the same, which are worthy of mention, are given in the 
following: 
PARTICULAR CASES OF THE GENERALISED LAPLACE TRANSFORM (2.2.1); 
(l) On taking m = 2 = q , p = l , n = 0, a. = -2 A , 
b^ = n-A and b2 = -^-A (2.2.1) reduces to Meijer transform 
(1.2.4) on account of the known relation 
2.0 
G (x 
1,2 
a ^(b+c-1) - ix 
) = X e '^ 
b,c 
W^ (x) k,m^  ' (2.4.1) 
: 32 : 
where ^ = "^ (b+c-2a+ l ) and m = • 2 ( b - c ) . 
(2 ) When we take m = 2 = q, p = l , n = 0 , S i ^ ' J + t ^ ~^> 
b, = 2u and bp = 0 in ( 2 . 2 . 1 ) , we g e t ( 1 . 2 . 1 4 ) , a g e n e r a -
l i s a t i o n by g iven by Varma [ 65 ] . 
(3) On t a k i n o m = 2 = q, p = l , n = 0 , ^i - - / \ - ^* 
•/\ and h^ = -m-A in ( 2 . 2 . 1 ) , 
mat ion ( 1 . 2 . 2 6 ) due to Mainra [ 3 5 ] . 
b , = m-/ b2 ( . . ) , we a r r i v e a t the t r a n s f o r -
(4) On t a k i n g q = p+1 = m, n = 0 , -^i = n . + a . , 
b . = a . , f o r j = 1 , 2 , . . . . , p and b j^ = P i n ( 2 . 2 . 1 ) i t 
r educes to ( 1 . 2 . 4 4 ) . a g e n e r a l i s a t i o n due to B h i s e . 
2 .5 We now proceed to g ive the r u l e s and r e c u r r e n c e r e l a t i o n s 
fo r the g e n e r a l i s e d Lao lace t r ans fo rm 
oo m, n /» (l)(s) = s / G ( s t 
0 P*^ \ 
' 1 ' ''0 f ( t ) d t ( 2 . 5 . 1 ) 
which is the generalisation of the s-multiple Laplace transform 
(j)(s) = 
oo -st 
s / e f( t)dt, 
0 
(2.5.2) 
we shall denote (2.5.1) symbolically by 
(|)[s(ap);(bq)] = G[f(t)-, (ap); (b^) ] 
or, more briefly, as 
(2.5.3) 
33 : 
(t)(s) = G[f(t): (ap), (bq)] 
Obviously 
(j)(s) = s J( s) (2.5.4) 
where $(s) stands for (2.2.1). 
The rules given below hold good subject to certain 
conditions. These are obtainable by proceeding on the same 
lines as given by Bose [ 16 ] in case of the Whittaker transform. 
THEOREM 1: 
then 
If (t)(s) = G[f(t): (ap); ( b^) ], 
(t)(f) =G[f(at): (Bp); (b^) ] , (2.5.5) 
where a is constant. 
We have 
oo m, n 
(t)(s) = s / G (st 
0 p,q 
^' PV(t)dt 
,b '' 
q 
b,, 
If we replace s by - and then t by at, we get (2.5.5). 
THEOREM 2: 
If (t)(s) = G[f(t): (ap); ( b^) ] , 
: 34 : 
then 
-s 1^ ms)] = G[t ^  f(t): (ap); ( b^) ] (2.5.6) 
and 
N N 
(-S 1^) Ws)] =G[(tf^) f(t): ( a ) ; (b)] (2.5.7) 
THEOREM 3: 
If (t)(s) = G[f(t): (ap); (b^) ] , 
then 
and 
/"(t)(s) 1^ =G[/^(x) ^ : (a ); (b J ] (2.5.8) 
s X 0 P ^ 
/'(|)(s) 1^ =G[ /"f(x) ^ : ( a j ; ( b ) ] . (2.5.9) 
0 t 
THEOREM 4: 
If (l)(s) = G[f(t): (ap); (b^) ], 
^^®" m n 
/ *( s) ^  = -1^^: ^^ ^ / t^  f(t)dt, 
0 s'^  q p 0 
JL 7 " ( ^ _ b - l ) jL • r ( a . - A + 2 ) 
j=m+l -• j = n + l •J 
(2.5.10) 
provided that the integrals exist and are absolutely convergent. 
and 
Then 
: 35 : 
THEOREM 5 ; L e t f j^ ( t ) and f^it) be c o n t i n u o u s f o r t 2 0» 
(t)^(s) = G [ f ^ ( t ) : ( a p ) ; ( b ^ ) ] 
(t)2(s) = G [ f 2 ( t ) : ( a p ) ; ( b ^ ) ] 
dx dx / (l)i(x) f 2 ( x ) f^ = / (l)2(x) f^Cx) ^ ( 2 . 5 . 1 1 ) 
p r o v i d e d t h a t t h e i n t e g r a l s i n v o l v e d a r e a b s o l u t e l y c o n v e r g e n t . 
We h a v e , 
dx oo oo m , n / ( t) ,(x) f 2 ( x ) f ^ = / f 2 ( x ) d x / G ( x s 
0 -^  ^ ^ 0 ^ 0 p , q 
^ p y j ^ ( s ) d s . 
b , , . . . , b '^  
ds oo m, n / f , ( s ) f S [ s / G ( s x 
0 ^ ^ 0 p , q h' 
**'^PJ|f2(x)dx 
q 
= / f i ( s ) (t)2(s) 
0 
or 
ds 
s 
ffAx) (t) (x) 1 ,^ 
0 ^ x 
The r e s u l t ( 2 . 5 . 1 1 ) may be c a l l e d t h e P a r s e v a l - G o l d s t e i n t heo rem 
f o r t h e g e n e r a l i s e d L a p l a c e t r a n s f o r m ( 2 . 5 . 1 ) , 
THEOREM 6; L e t f j^ ( t ) and f 2( t ) be c o n t i n u o u s f o r t ^ O , 
( ^ l ( s ) = G [ f ^ ( t ) : ( a p ) ; ( b ^ ) ] 
: 36 : 
and 
(j)2(s) = G[f2(t): (ap); ( b^) ] . 
Then 
G[f <^2^t) fj^ (ty) 1^ : (ap); (bq)] = (j)(s) = 
= G[/"'(t)^ (t) f2(ty) |i : ( ap); ( b^) ] , (2.5.12) 
provided that (t)(s) exists, 
(i) fj^ (t) =0(t ^ ) , Re( "^j^ +p+l) > 0 for small t 
(ii) f2(t) =0(t '^), Re( cS^ +p+l) > 0 for small t, 
and ( iii) t (^ ^^ (t) and t ^ (\i2it) belong to L(0,oo). 
THEOREM 7; Let (t)j(s) = G[f .(t): (a ); (b )], J = 1,2,...,k. 
Then 
k k 
E (t).(s) = G[ E f.(t): (a^); (b^) ] , (2.5.13) 
j= i J j = i -" p q 
provided that the integrals involved exist. 
2.6 We now given certain other rules and recurrence relations 
for the generalised Laplace transform (2.5.1). On specializing 
the parameters these yield many known and unknown recurrence 
relations obtained earlier under different generalisation given 
from time to time by various authors. 
: 37 : 
THEOREM 8: If 
4)[s:(ap); ( b^) ] = G[f(t): {a^); ( b^) ] , 
then 
(t)[s(a ), A+l; (b )] = G[t 
-A -1 t 
/ t-^  f(t)dt: (a^ ),A 'Ah )], 
(2.6.1) 
0 
provided that the integrals involved are convergent, 
and 
1-A m,n 
[t G (st 
p»q 
is zero. 
bj^,b2,. • • ,b 
/ X f(x) dx] 
0 
THEOREM 9; Let (l)[s:(ap); ( b^) ] =G[f(t): ( ap); ( b^) ] . 
Then 
k 
-b -1 
^ [s '^ • (t)[s:(a^);(bj] 
ds P'" q-
k -b -k-1 
(-1) s ^ X 
(t)[s:(a ); (b^_^), b^-k, (b^^^,q)] (2.6.2) 
where (-1) is omitted if r > m and 
(-^^li^ [s'^^(^(s:(ap); ( b^) ] = s'""^^ ({)[ s: ( a^_P , 
-k 
^r ' (3^+i'P)' (^a^^ (2.6.3) 
: ?8 : 
PARTICULAR CASE; 
(l) With tn=2 = q, p = l, n = 0 , aj,=i)+a, 
b, = a and b2 =i^+ cj-1 and using 
2,0 
G (x 
1,2 0, i^ -1 
) = E^W 
where Re(:^) > 0 and 
a m,n 
X G (x 
p»q 
a ni, n 
b, P,q 
cT +a 
cr + b_ 
by taking f(t) = t^ f( t) in (2.6.2), we get the following 
recurrence relation for the integro exponential transform. 
(t)(s) = s / (st) EP (st) f(t)dt, 
0 
viz. If 
({)( s: a,\^ \ A) 
-^fO 
^ 0 [t'^F(t)], 
then 
k 
-a-1 
^ [s (t)(s:a,^  ;A)] = (-1) s 
k -o-k-l 
ds 
(t)[s:a+k,^ -k; A] . 
(2.6.4) 
With k = 1, we have 
s ^ [(l)(s:(j,i; ; A ) ] = (o+l)(t)( s:a,l^; A)-(t)(s: a+l,a^ -1; ^) . 
(2.6.5) 
: 39 : 
2 . 7 We now o b t a i n the g e n e r a l i s e d Lap lace t r ans fo rm of 
some s p e c i a l f u n c t i o n s . 
( l ) Le t f ( t ) = t 2^1 t ^ ' ^ ^ i ^ i 1- T I • 
Then ( ? - l m , n 
(t>(s) = s / t 2 ^ 1 £ a , b ; c ; 1 - ^ ( G ( s t 
0 Pfq 
^1 * ^ 2 ' * * * r^ 
) d t . 
E v a l u a t i n g the i n t e g r a l on the r i g h t hand s i d e wi th the h e l p of 
the known i n t e g r a l [ 55 ] , 
we g e t 
£-1 
G[t 2^1 t^ '^ '^ '^-T i-^^p^'^^J] = 
sTic) 
q r(a)r(b)r(c-a)r(c-b) X 
nn-2, n+2 
G ( s 
p+2,q+2 
1--S~a» l ~ f - b , a, , a 2 f » « « » » a 
-S , c - a - b - S - , b j ^ , b 2 , . b ) 
( 2 . 7 . 1 ) 
where Re(bj+a+<?) > 0 , Re(b.+b+6") > 0 , ReCa^+iS") < 0, 
f o r j = 1 ,2 , ,in and i = 1 , 2 , . . . . , n ; p+q < 2(m+n) , 
R e ( c - a - b ) > 0 , Re(s ) > 0 and | arg s | < (m+n-^p- |q)Ti . 
(2) Using the i n t e g r a l [ 6 9 , p . 2 7 5 ] 
/ t e ^ t 
0 
w 
P » q 
^ 1 * ^ 2 • * • * * » ^r 
I * 2 » * • • * ' f 
d t 
•K oo k-a-w J ,n 
= 2a ^ / t ^ K 2 j 2 > t ) G ( p t 
0 "^  P.q+1 
^ 1 ' ^2' ' 3 , 
1 * 2 » • * * *»b 
\ d t ( 2 . 7 . 2 ) 
and eva lua t ing the l a t t e r i n t eg ra l by [ 2 4 , p . 4 2 1 ] , 
we ob t a in , 
A-a-1 - -^at 
G[t \,^i ^'^^'' ^V' ^V^ 
s a 
a-A m,n+2 
G 
p+2,q+l (-a 
f - / \ - ^ + j , c j - ^ + ^ x + j , ( a ) 
bj^, b 2 , , b ,cr 
q 
) 
: 40 : 
( 2 . 7 . 3 ) 
where p+q+1 < 2(m+n) , R e ( a - A + i ) < 1- i | R e ( 2 ^ ) | + min. 
s 1 1 1 
5<Re(b.) and | arg - ] < (m+n-^p-^q-^) i i . 
S i m i l a r l y , 
G [ t ^ e '^  W w , ( t ) : ( a ^ ) ; ( b ) ] 
m,n+2 
= s G ( s 
p+2 ,q+l bj^,b2, . . . . , b , f*+ 2A ) 
( 2 . 7 . 4 ) 
where p+q+1 < 2(m+n), Re( P + A) < 1- i | R e ( 2 ^ ) | + rain 
K j < m 
R e ( b . ) and | arg s | < (m+n-^p - •jq - •^)7i. 
CHAPTER III 
SOME PROPERTIES OF THE (GENERALISED LAPLACE TRANSFORM 
3.1 INTRODUCTION; In the present Chapter, some properties 
of the generalised Laplace transform 
oo m, n 
(l)(s) = s / G^ ^  (st 
0 Piq 
^ ^ p y ( t ) d t a^  , a 
b 
(3.1.1) 
( in t roduced in Chapter I I ) have been g iven. The r e s u l t are 
given in the form of three theorems. Of these , the f i r s t two 
theorems involve a chain of the Laplace transforms and the 
genera l i sed Laplace transform (3 .1 .1 ) and the t h i rd theorem 
depends on Parseva l -Golds te in theorem for genera l i sed Laplace 
transform. I t in i n t e r e s t i n g to note t h a t many known r e s u l t s 
follow as p a r t i c u l a r cases of these main theorems. These r e s u l t s 
are supported by a number of examples, which help in evaluat ing 
a v a r i e t y of i n f i n i t e i n t e g r a l s involving spec ia l funct ions l ike 
the Meijer G-function, Macrobert g - f u n c t i o n , the Bessel function 
and the genera l i sed hypergeometric funct ion e t c . 
3.2 THEOREM 1; If ({)(s) = G [ f ( t ) : (a ) ; (b ) ] 
and 
l - / \ +\i [X 
s f ( s ) =j= h ( t ) . 
then 
(tl(s) = s / h(x) - U . ( ^ ) d x , 
0 •" M x^ ^ 
( 3 . 2 . 1 ) 
: 42 : 
where 
^A^l^^ '^  (TT^r =0 1 Fd-b.-^) i r(a,.^) 
j=in+l J ^ j=n+l ^ ^^  
(-1) ("V) ' (3.2o2) 
Re(^) 2 i» P+q < 2(m+n), | a rg s | < (m+n- •jp - •^q)^^ 
Re(-4 + 1) > 0, -
^ 1<J<' 
- min R e ( b , ) <_ Re{^) < 1 - max R e ( a . ) 
K K m -• ^ l< i<n 
and the i n t e g r a l / e 
0 
-st^/^^ 
lh(x)|dx is convergent. In 
particular, if n = 1, we have 
1-A c» m,n+l 
(j)(s) = s / G a 
0 p+l,q 
1» «A+a, , . . • • , A+a 
A+b. , , A+b 
P \ h ( x ) d x , ( 3 . 2 . 3 ) 
where p+q < 2(m+n) , | arg s | < (m+n- ^ p - •^  q) u , 
Ia rg x| < n / 2 , R e ( b . + - - 1 ) > - 1 and R e ( a . + - - 1) < 0 , 
fo r j = 1 , 2 , . . . . , m and i = 1 , 2 , . . . . , m . 
PARTICULAR CASES; (1) When q = 2 = m, p = 1, n = 0 , 
a, = •J + m, - k, , b , = 2m, and b2 = 0 , theorem 1 
r educes to the c o r r e s p o n d i n g r e s u l t fo r t h e Varma t r a n s f o r m . 
: 43 : 
In a d d i t i o n , if i^ = 1 , we g e t a r e s u l t due to 
R a t h i e [ 4 2 ] . 
(2) I f we take m = 2 = q, p = 1 , n = 0 , a^^ = - 5 -k^^, 
b = m, - S i and b2 = -m, - 5 ,» we g e t the c o r r e s p o n d i n g 
r e s u l t f o r Mainra t r a n s f o r m . 
In p a r t i c u l a r , whenC= k, , . we g e t ano the r r e s u l t for 
Mainra t r a n s f o r m . 
(3) I f we take m = 2 = q , p = l , n = 0 , 3^^= -2kj^, 
b, = m,-k , , b2 = "•'"i"'^! ^nd A= 2 in ( 3 . 2 . 1 ) , we g e t a 
r e s u l t due to Bhonsle [ 12 ] . 
(4) When m = l = q , p = 0 = n , b . = 0 , ^ = 1 and 
/\= 2 , ( 3 . 2 . 1 ) r educes to t h e fo l lowing we l l known r e s u l t on 
the Lap lace t r a n s f o r m g iven by Humbert [ 2 8 ] , 
I f (p(s) = f ( t ) 
and f ( s) t h( t ) , 
then 7 (l)(s) = r ^^^^ 9 d t ( 3 . 2 . 4 ) 
® 0 ( s + t ) ^ 
(5) Another result due to Shastri [ 57 ] is arrived at, 
by taking m = l = q, p = 0 = n , bj^=0 and A= m,+2 in (3.2.1) 
EXAMPLES: (I) Let h( x) = -^  • 
2 ^ r ( ^ + i ) 
Then, w i th n = 2 , we have 
: 44 : 
3-A 2 
t f ( t ) = 
( l + t ^ ) 
r - H 7 2 ' ^^(^ ) > 0' 
l . e . 
f ( t ) = t 
^A - 1 / 2 - i ; - l / 2 
(1+ t ) 
There fo re [ 2 4 , p ,418] 
s m + l , n + l , 
(t)(s) = r U 
T ( l > + ^ ) P + l , q + l 
(s •^p-" "2 " 2 ' ° i » ° 2 ' 
1) - ' ^ / 2 , b ^ , b 2 , , b 
Where p+q < 2(m+n) , | arg s| < (m+n - ^ p - 2^)'^$ 
Re( A+ 2b.+l) > 0, for j = 1,2, ,m and 
Re( ^ -21^+a^) < 0, for i = 1,2, n. 
Hence by theorem 1 , wi th n = 2 , we g e t 
oo ^ 2 2 " ^ s T ( i > + l ) m + l , n + l , 
0 ^ '^  x^ J i t 1^(5^+4) p+i»q+i 
1 A 
"2 '2,3^^,32. .,ap"> 
i J - V 2 , b ^ , b 2 , b ^ 
( 3 . 2 . 5 ) 
prov ided t h a t p+q < 2(m+n) , | arg s | < (m+n - 2P " 2q)^» 
p <. q, Re( ^ + 2 b . + l ) > 0 , Re( A+2) > 0 and Re( ^ - 2 1 ) +a^) < 1, 
fo r 3 = 1 , 2 , . . . . , m and i = 1»2, , n . 
- a t 1) ., ( I I ) Taking f ( t ) = e t ^ in ( 3 . 2 . 3 ) , 
we g e t 
, - l ) - l m,n+l -
A $ ( s ) = a G ( | 
p + l , q 
— X/ , a, , a^, 
b j ^ ^ b ^ , . . . . . 
' ^ P ^ 
: 45 : 
where p+q < 2(m+n) , | arg s| < (m+n- 2?- ^ q)"!!, 
I arg a| < | and Re(b.+ i^+l) > 0, 
And with i^ = 1 , we f i n d t h a t 
2-/\ - a s 2+-D-A 
s f ( s) = e s 
fo r j = 1 ,2 , iTtli 
• n A-13-1) ( t - a ) 
A'^-2 
where t > a and R e C / l - l J - l ) > 0 , by v i r t u e of a well-known 
o p e r a t i o n a l r e l a t i o n [ 36 ] . 
There fore ( 3 . 2 . 3 ) g i v e s 
00 A'l)-2 m , n + l / ^ 
/ ( x - a ) G ( I 
0 P+ l , q^ ' ' 
I, A+a^, , A + i 
P \ dx 
'^+b^ A +b 
= s a 
1 - i ) - l m,n+l 
p + l , q 
— i^ , a , , B^ , . . • . , 
bj^, b2, »b^ J 
( 3 . 2 . 6 ) 
prov ided t h a t p+q < 2(m+n) , | arg s | < (m+n- ^p - •^q)it, 
| a r g a\ < ^, p <_ q, , x > a, R e ( ^ +1) > 0 , Re(b.+"i^+l) > 0 
for j = 1,2 ,m and Re( / \ - 1 ^ - 1 ) > 0 . 
On t a k i n g m = 2 = q, p = i , n = 0 , a j ^ = - | + m^-kj^, 
h^ = 2mj^  and b2 = 0 in ( 3 . 2 . 6 ) , we g e t 
: 46 : 
TiV+m^-k^ + 3/2) 2^ 1 
1, l)+2m^ +l 
mj^-k^+3/2 
-a 
/ (t-a) 
T(/^+mj^-k^+3/2 ) ° 
2^ 1 
A , A+2m 
^+m,-k.+3/2' ^ 
1 --i 
s dt 
(3.2.7) 
where arg s| < J, |arg a| < J, t > a, 
Re( A-"i) -1) > 0, Re( l^ +nij^ +m^ +i) > o, Re( A+m^lm^^+l) > 0 and 
Re( A ) > 0. 
Result (3.2.7) assumes the form given by Rathie [ 42 ] on 
substituting sy for t-a and writing k, for A , k^  for 
/l+2mj^ , k3 for A+mj^-kj^+3/2, r for y\-i)-l and z f o r — . 
3;3 .THEOREM 2; I f (j)( s) = f ( t ) 
2 - 1 
and s f ( s ) = G [ h ( t ) : ( a ^ ) ; ( b^) ] , 
then 
1-1 oo m,n+l i — I t By f Br) t * ' ' * * t 3 „ -V 
b ^ , b 2 ; . . . b ^ ) h ( x ) d x , ( 3 . 3 . 1 ) 
prov ided t h a t p+q < 2(m+n), | a r g s | < - u , 
I arg x| < (m+n- I p - Aq ) i t , p _<q, R e ( b . - l ) > 0 , 
fo r j = 1 ,2 , ,m, the Lap lace t r ans fo rm of | f ( t ) | and 
: 47 : 
g e n e r a l i s e d Laplace t r a n s f o r m of |h( t ) | e x i s t and the i n t e g r a l 
( 3 . 3 . 1 ) converges a b s o l u t e l y . 
COROLLARY 1; When m = 2 = q, p = l , n = 0 , 3^^= "l+nij^-k-i^, 
b , = 2m, and b2 = 0 , the g e n e r a l i s e d Lap lace t r ans form 
r educes to Varma t r a n s f o r m and we g e t a r e s u l t due to R a t h i e [ 4 2 ] . 
(XROLLARY 2; When m = 1 = q, p = 0 = n, b^ ^ = 0 and 1 = 2 , 
we g e t the r e s u l t ( 3 . 2 . 4 ) g iven by Humbert. 
PARTICULAR CASE; On t a k i n g q = 2 = m, p = 1, n = 0 , 
a, =\)+cr, b, = cr and b2 = "^L) + cr - l , we g e t the fo l l owing 
r e s u l t f o r the I n t e g r o - e x p o n e n t i a l t r a n s f o r m : 
If (l)(s) t f ( t ) 
2 -1 E 
and s f ( s ) "> h( t ) 
then 
• p ( ) L + a ) r ( 5l+'v;+a-l) CO - I rl+cT, U ^ ^ ^ - M J 
i ( t ) ( s ) = —— ; ft ^F,\ - | ^ ( t ) d t , 
( 3 . 3 . 2 ) 
where Re( s) > 0 , R e ( ^ ) > 0 , Re( H +a) > 0 , [s] < j t ] and 
Re( iL+i) - a - 1 ) > 0 . 
EXAMPLES; D i r e c t examples under t h i s theorem are not easy to 
e v a l u a t e , when h(x) i s r e p l a c e d by any s p e c i a l f u n c t i o n . 
However, the theorem i s v e r y c o n v e n i e n t l y used by r e d u c i n g the 
: 48 : 
G-function to some spec ia l function by p a r t i c u l a r i z i n g the 
parameters . This process i s i l l u s t r a t e d in the following by 
eva lua t ing two i n t e g r a l s involving Macrobert E-funct ion. For 
t h i s purpose the G-function is reduced to the Hypergeometric 
function and then r e s u l t s due to Rathle [ 42 ] are employed. 
Thus, pu t t ing n = 1, p = m = 2 = q, a, = - ^ , 
32 = -VI. t>i = "1 3nd bp = -'^ , we ge t 
i-2 riA)ri\^) CO 
f ( t ) = t — — J j-2^1 
K. 
^,\x\i)i - t x y h(x)dx (3 .3 .3) 
k/'^ 2 
EXAMPLE ( l ) ; Le t h( x) = x^ J^j (n~~) . 
Then [ 4 2 , p .241] 
f ( t ) = t X 
Fd+Y) r ( ^ + <5-) 
2^3 
A+S \i+ S 
^1 + S , 1+Y, "iJ+S 
i t T + t 
1-2 YiA )rMri^) 
ri^ ) r ( ^ -^+ i ) 
2^3 
A » V-
1-5 , i-s+y. 
y t \ , ( 3 . 3 . 4 ) 
where Re( A +8) > o , R e ( t i + S ) > 0 , Re(25"-7) < "^f R e ( t ) > 0,8 
i s not an i n t e g e r or z e r o . When t = 0 , then Re(5' ) > 0 and 
R e ( 2 S - V ) < 3 / 2 . 
: 49 : 
And t h e r e f o r e [ 2 3 , p .219] 
(t)(s) = s 2-i-s ri-s)ri'^ +6)ri\^+<s)ri^+s-i) 
r(in)r('^+<r) 
3^3 
1+S , 1+Y, -^-^S 
; s T + s 
2-1 r(^)Tu)T(^)T(it-i) 
T(^)T(Y-5-l) 
n^^V-i 1 - 1 
3^3 J 
l l - S , 1 - €+y i^' 
( 3 . 3 . 5 ) 
where Re( ^  +g) > 0, ReC^+S") > 0, Re(2^-y) < -5, Re(t) > 0, 
Re(s) > 0, Re( \ ~1) > 0 and S is neither an integer nor zero. 
Hence, on applying the theorem, we have 
«> oY-^ 9 3 ,1 . 
/ x2 J ( -1 ) G ( f 
0 ^ f x 2 ,3 ^ 
2, l+:i3 
JL , / \ + l , n+1 
) dx 
—r^ 
r(i+y)r(^+'S-) 
3^3 
A + ^ ,H + ? , 1 +S" - 1 
1+^ , i + Y , i ; + <5 
s n ^ )r(^)r(<r )r( JI-D ' ^ » ^ , ^ - 1 
3^3 • s r » 
r ( 2 ) ) r ( 7 - 6 - - i ) ( . 1 + , ^ , 1 + Y , ^ - . ^ 
p rov ided t h a t Re( ! - l ) > 0 , Re( 8 - t ) ) > 0 , 1 arg s | < | , 
| a r g x| < 71, Ke{ ^ + S ) > 0, R e ( ^ + S ) > 0 , R e ( 2 S - v ) < 3 / 2 , 
R e ( i + ^ - l ) > 0 and g i s n e i t h e r ze ro nor an i n t e g e r . 
( 3 . 3 . 6 ) 
: 50 
^ - a 
EXAMPLE 2; Le t h( x) = x 2^3 f b , a+D-v^; a, a+vi-/\ , c ; - - (• . 
Then [ 4 2 " ] 
f ( t ) = r(a)r(a-ni-^)r(^) 
n ^ )r(t^)r(a+iJ-M) ! " ( ^ - a ) t 
a + i -/^ - 2 r b , t 
1^2 
T ( c )F ( b+ .t - a )F ( a-A) i -2 
t 
Tib)Y'ic+A -a) 
b + ^ - a S D+^ -  "I 
i t} 
1+^ -a^c+A -a -^ 
,1+a-^ ,c 
( 3 . 3 . 7 ) 
where Re( a) > 0 , ReCa+vi-^^) > 0 , Re( a+b-c + lJ-ia-2/^ ) < ^, 
Re( s) > 0 and {a-'\ ) i s nei-^her an i n t e g e r nor z e r o , 
and [ 2 3 , p .219] 
(t)(s) = r(a)r(a-ni-^)r(^) 
r('^)r(^)r(a+i^-^) T " ( ^ - a ) T ( a + i -A -1)S 
A-a-i +z 
•< 2^21 
•b, a+ I -/^ -
a-A +1 ,c ' ^ /^^ } r(c)r(b+A-i) + X r(b) 
r ( a -^ ) r ( -^1) 2-^  r b+A-a, Ul 
T(c+ .4 -a ) s 2^2^ 
-A-a+l, +c-a .*} 'J 
( 3 . 3 . 8 ) 
prov ided t h a t Re( a) > 0 , R e ( a + u - A ) > 0 , Re( a+2b-2 ^ + X ) - ^ - c ) < ^ , 
Re(s) > 0 , R e ( a + J - - A - 1 ) > 0 , Re( I - 1 ) > 0 and {a-A) 
i s n e i t h e r an i n t e g e r nor z e r o . 
: 51 : 
A l s o , on u s i n g 
q , l ^ 
G ( x 
P»q 
a , , Br »a. a , - l 1 »<a2» • • • • » OQ \ °i -^  
^ )= X ELl-ai+b, , . . . ,1-a,+b : l + a o - a , , . . , 
b b b ^ ' - l l ' ' l q 2 1 ' ' 
1 ' 2 * * * * * ' a 
1-a^+a : x ] , 
we g e t 
2 - 1 CO ^ - a - 1 
(l)(s) = s / X 
0 2^3' 
b, a+1)-^ 
a, c,a-i-y,-A 
i - i W x - l , A ,^i:2) : | ] clx , 
( 3 . 3 . 9 ) 
Hence 
0 
a-A-1 
2^31 
b, a+ i? -A 
.a, c, a+^i-^ 
-XT E [ i - 1 , ;^  , ^ : l ) : s x j d x 
( 
r e A - a ) r ( a - ^ i ^ - A - l ) s A - a 
b ,a+ A.-/\-l 
2^2 s 
a- A + l , c 
r(c)r(b+^-a)r(a-A)r( I-D 
T~(b)r(c+ A - a) 2^21 
b+ A - a , i - 1 
A - a + 1 , A+c-a •I ( 3 . 3 . 1 0 ) 
p r o v i d e d t h a t | a rg s| < ^ , I arg x| < 7t, Re( i - 1 ) > 0 , 
Re( a) > 0 , Re( a+|i - A ) > 0 , Re( a+b+i ; - 2 A - ^ - c ) < l / 2 , 
Re(a+A-/^ -1) > 0 and { a-A ) is neither an integer nor zero. 
: 52 : 
A FEW PARTICULAR CASES OF THE ABOVE INTEGRAL ARE WORTH 
MENTIONING: 
( l ) On t a k i n g b = c we g e t 
oo a- /\ - 1 (. a+iJ - A -) 
/ X , F ^ ; - x y E [ l - 1 , ^ ,^l:i) r sx jdx 
0 a, a+vi-A 
r(a)r(ani-A)r(^) 
r(^)r(^)r(a-Hi^-'^) r ( / l - a ) r ( l + a - ^ - l ) s 
A - a 
i^iC'ti^^'-'"!"'*-^' i^Ci^'l , ( 3 . 3 . 1 1 ) 
where | arg x| < n , | a r g s | < | , Re(a) > 0 , Re( i-l) > 0 , 
Re(a+vi-^ ) > 0 , ReCa+i^-2 A - n ) < 1/2 , Re(a+Jl - /A-1 ) > 0 and 
( a - A ) i s n e i t h e r i n t e g e r nor z e r o . 
(2) F u r t h e r , in ( l ) , if we take a =1^+1, A = l ) + l / 2 , 
\i = 2 1 ) + 1 / 2 , we g e t 
/ X J , (Vx) E[ V - l , V » + l / 2 , 2X>+1/2:^) : s x ] d x 
0 U 
n^) 
r ( l - l ) , F , [ i - l ; i ; i j 
r(^+i/2)rc2i)+i/2) 
- 2r( 1 -1/2) s"^  ^ iFlt^ -^^ /^ ; 3/2; i } J ' 
prov ided t h a t Re( I -1 ) > 0 , Re(a; ) > 0 and Re( s) > 0 
( 3 . 3 . 1 2 ) 
: 53 : 
3.4 In t h i s s e c t i o n a theorem c o n n e c t i n g two f u n c t i o n s ({)( s) 
and h ( t ) through a cha in of symbolic r e l a t i o n s in the g e n e r a -
l i s e d Lap lace t r ans fo rm i s given and by making use of t h i s 
theorem c e r t a i n i n f i n i t e i n t e g r a l s i n v o l v i n g p r o d u c t s of the 
Mei j e r G- func t i on w i t h t h e g e n e r a l i s e d Hypergeometr ie f u n c t i o n 
and o t h e r s p e c i a l f u n c t i o n s , have been e v a l u a t e d . 
S i m i l a r theorems have been g iven by Sharma [ 55 ] and 
Verma [ 6 6 ] in r e s p e c t of g e n e r a l i s e d Lap lace t r ans fo rm 
( 1 . 2 . 3 ) and by Roop Narayan [ 47 ] in r e s p e c t of Varma t rans form 
THEOREM 3 ; I f ({)( s) = G [ f ( t ) : ( a p ) ; (b ) ] 
P+1 
and s f ( s ) = G [ h ( t ) : ( c ^ ) ; ( d ^ ) ] , 
then 
oo p n+k,m+l /-x (t)(s) = / t^ G 
0 q + r , p + s Ui (Cj^)-P , - (»^q) ' ( ^ U l ' ^ ) - ^ ( d ^ ) - p , - ( a p ) , ( d , ^ , , s ) - P lh( t )d t 
( 3 . 4 . 1 ) 
p rov ided t h a t the i n t e g r a l on the r i g h t hand s ide of ( 3 . 4 . 1 ) 
i s c o n v e r g e n t , l _ < J [ < _ r < s < r + q - p , -^r + ^ s - JL< k £ s , 0 _ < n < ^ p , 
0 _< m <_ q, 2P + 2^"'^ < m <^  q, | arg s | < (m+n-^p-^q) i i , 
| a r g t | < ( k + 1 - ^ ^ r - ^ s )TI, Re(bj+d^) > - 1 , for 
j = 1 , 2 , . . . . , m and h = 1 ,2 , ,k and Re (a .+c . ) < 1 fo r 
i = 1 , 2 , . . . . , n and k = 1 ,2 , A ( 3 . 4 . 2 ) 
: 54 : 
PARTICULAR CASES; 
As the Mei je r G - f u n c t i o n r e d u c e s to many o t h e r f u n c t i o n s 
on s p e c i a l i z i n g the p a r a m e t e r s i n v o l v e d , we o b t a i n a good number 
of known and unknown r e s u l t s as p a r t i c u l a r c a s e s of theorem 3 . 
We e n l i s t below a few of them. 
( I ) When m = 2 = q, p = l , n = 0 , a^ ^ = ^ + \i^ - X^^ ^^ =2^1^^, 
b2 = 0 , k = 2 = s , r = 1 , K = 0 , c^ = ^+\i^- A^, d^= 2^^ 
d = 0 , we g e t the f o l l o w i n g theorem on Varma t r ans fo rm: 
V 
and 
If (t)(s) 
and 
then 
V 
f ( t ) 
P+1 
s f ( s ) = = = = h ( t ) , 
2 '^2 
c» 2 ,2 / - 2 n , , 0 , ^-Hi^- ^2-( 
(t)(s) = / t^ G '^ ^ 2 2 2 
0 3, , 3 ^^ i -H^+ A^, 2H2-P .-^J 
d t ( 3 . 4 . 3 ) 
where R e ( s + t ) > 0 , |Re(^j^) | + lRe(^2) I < Re(^ij^+H2-f')+1 • 
( I I ) When m = 2 = q, p = 1, n = 0 , a^^ = ~L> +CJ, b, = a , 
b2 = ^ + a - l , k = 2 = s , T^ = 1, I = 0, C j ^ = - | + ^ i - ^ , 
dj^  = 2n and d2 = 0 , we g e t the f o l l o w i n g theorem connec t i ng 
the I n t e r o - e x p o n e n t i a l t r a n s f o r m and the Varma t r a n s f o r m . 
If (t)(s) = ^ = ^ f ( t ) 
P+1 
arvd s f ( s) 
X*V-
h ( t ) , 
: 55 : 
then 
(j)(s) = / / G {\ 
0 33 ^^ 
-cr, 1-U-cr , i 4v i -^ - / '> , 
^ ) h ( t ) , ( 3 . 4 . 4 ) 
Where Re( s) > 0 , Re(i^) > 0 , l a r g sj < | , Re(a+2ii- P+1) > 0 
and Re(a+V - P) > 0 . 
( I l l ) On t a k i n g m = 2 = q, p = 1, n = 0 , a, =lJ>+o, b . = a , 
b^ = l > + a - l , k = 2 = s , r = l , J t = 0 , c^ ^ = - ^ _ ^ , 
dj^  = (i - S and d2 = -n -<? in ( 3 . 4 . 1 ) , we g e t the fo l l owing 
r e s u l t : 
and 
If 
P+1 
(t)(s) *•> f ( t ) 
i;»<J 
s f ( s ) i i . 
r . A .^ 
h ( t ) 
then 
22 
(t)(s) = / t^ G (^ 
0 33 
- a , l - i > - a , -A - < r - P 
y ( t ) d t , (3.4.5) 
where ) a rg s | < | , Re(cr + ^ i - / \ - ^ + l ) > 0 
Re( i>) > 0 and Re( i : '+ a - F) > 0 . 
(IV) When tn = 2 = q, p = l , n = 0, a^ = ^ -iy, -A , b ^ = 2 n , 
b 2 = 0 , k = l = s , r = 0 = 2 ^ d ^ = 0 a n d ^ = l - ^ , w e g e t t h e 
r e s u l t Cl-2«2o3 g iven by R a t h i e . 
: 56 : 
In particular, if we take /I + |i = 1/2, we get a result 
due to Shastri [ 56 ] . 
Further, on taking (T = 1 in IV, given above, we get 
T(2n+1) oo r 2 ^ + l , 1 "I 
(t)(s) = — / 2^1) i '^^^\ h ( t ) d t , ( 3 . 4 . 6 ) 
U-A+3/2 -* Viv^-^-^) 3x 0 
Re(2n+l) > 0, which is a known result due to Varma [ 65 ] 
(v) Making the substitutions m == 1 = q, p = 0 = n, b, = 0, 
k = 2 = s, T = 1, 1= 0, c^ = 1/2 +M -^ t d-^ = 2\i, d^ = 0 and 
P= 0 in (3.4.1), another known result due to Varma [ 65 ] 
is arrived at. 
(VI) On taking m = 2 = q, n O , p = 1, a-^ = - A - 8 ^ b. = -^<f 
b^ = -V^-S , k = 1 = s, (= 0 = r, d^^ = 0 and P = -1,(3.4.1) 
reduces to: 
If 4)(s) M f(t) 
S, A f \i 
and 
f(s) = h ( t ) , 
then 
T : ( 2 ^ - M CO r 2 ^ - ^ ' 2-A-^  
(J)(s) = — ^ / 2Fi' 
s"p"(2-/\-S) 0 ( 2-A-g 
s' [ h(t)dt, 
(3.4.7) 
where Re(2-,\+^) > 0 and Re( s) > 0. 
Putting ^ = 5" in (3.4.7), we get a result due to Bhonsle [ 12 ] . 
: 57 : 
(VII ) I f 4)(s) i f ( t ) 
and f ( s ) 
A+1/2 
•^ h ( t ) . 
then 
(t)(s) = sT7 ( 2 m - ^) 
7~(2-2/ ) 0 t 
°° 1 
2 2' 1 
p 2+vL-'^ , 2 -n - / \ 
2-2 A 
; - I jh(t)dt, 
( 3 . 4 . 8 ) 
where Re(s ) > 0 and Re(2-A +|a) > 0 ; a r e s u l t due to 
J a i s w a l [ 3 3 ] . 
Th i s r e s u l t i s a r r i v e d a t by t a k i n g m = 1 = q, 
p = 0 = n, b j ^ = 0 , k = 2 = s , r = l , £ = 0 , c^ = -1^, 
dj^  = ti-A , d2 = -li-A and P = - l in ( 3 . 4 . 1 ) . 
( V I I I ) I f we take m = q = l = k = s , n = p = 0 = f = J t , 
bj^  = 0 = dj^  and P =s-l in ( 3 . 4 . 1 ) , we g e t a well-known r e s u l t 
due to Humbert [ 2 8 ] . 
EXAMPLE 1; S t a r t i n g w i th [ 4 4 ^ 7 ] 
. c -2m- l c 
^ 3^2 ; - t j X 
c , c-2m -* 
y - p ( c ) I (c-2m) 2 m - c - ^ + l i s 
IcTm" 
• n ( c - k - m + l / 2 ) 
e W. ( s ) ( 3 . 4 . 9 ) 
Where Re(s ) > 0 , Re(c-2m) > 0 , Re( c) > 0 and t a k i n g k = 2 = s, 
^= 0 , r = 1, c^ = -J + ^ ^ - }\ ^, dj^  = 2n^, d^ = 0 , f = - 1 and 
: 58 : 
h(t) = t c-2tij^ -l f 2**'^2'^2' 2"* ^ 2^ ~ ^2' ^ ~ "^  '"^^l"^ 3^2 
(3.4.9) and using 
•t V in 
c-a^i-
ix 
X e W. „(x) = k,m^  G (x 
T;(|±^-IC) ^'^ 
k+ il +1 
we get 
f(s) = 
r(c)r(c-2iip 
21 
G (s 
12 
2^ i2-c+2 
where Re(c) > 0, Re(c-2iij^ ) > 0 and Re( s) > 0 
Hence using the integral [ 24 ], we find that 
sr(c)r(c-2tip 
()){s) = 
r ( c - ^^-\i^+i/2)TZ{^^^±^^) 
. m+l,n+2 c+ ^2'H^2"^^^1~'^^^'^'^'^2"^2~^/^' ^ ^ p O 
p+2,q+l c - 2 n ^ - 2 , (b^) 
p rov ided t h a t q 2 P + 1» I ^ ^9 sj < ( m + n - i p - - i q ) i i , 
p+q < 2(m+n), Re( b .+2^1 ^^-c - ^2i>^2"^^'^"^^ ^ ^ ^^^ 
Re(aj^+2nj^-c+l) < 0 , for j = 1 ,2 , ,m and i = 1 ,2 , n. 
Therefore, application of the theorem with k = 2 = s, (= 0, 
r = 1; c^ = 1/2+n^- '^ i » cl^  = 2vi^ , d2 = 0 and P = -1 gives 
59 : 
c - 2 ^ , - 2 
0 
c , c-2 | i . 
n+2,m . 
G ( I 
q + l , p + 2 2^j^+l , 1 , - ( a p ) 
d t 
s r(c)r(c-2^^) m + l , n + 2 
G K 
T " ( c - /Ij^-ti;^"^!/^^^^^^" '^2i^^2^ P+2,q+l 
c+/\ 2+^2"2^^l"^/^' c+ A2-ti2-2^x^-3/2, (ap) 
p r o v i d e d t h a t p+q < 2 ( m + n ) , 0 £ p < q, 
| a r g s | < (m+n- -^p - ^ q ) u , R e ( c ) > 0 , Re(c-2t i j^) > 0 , Re( s) > 0 , 
R e ( b j + 2 ^ j ^ - c - A2+ ^2'*" ^ ) > ^ ^ "^ Re( a^+anj^-c+l ) < 0 , f o r 
j = 1 , 2 , ,in and i = 1 , 2 , , n . 
On r e p l a c i n g t by -r and u s i n g 
m,n - 1 
G ( x 
P»q 
n,m 
') = G ( 
q»p l -a_ / 
( 3 . 4 . 1 0 ) t a k e s t h e form 
0 3^2 
2^1-c f^4^^. ^ ^^ ^'^2' ^2* ^~ ^^ 1-^ 1^+1-/2 
• c, c-2^j^ 
-2^j^,0, 1 + aj^, l+a2» ,1 + a 
1 
t 
m,n+2 
G ( St 
P+2,q+l 1+b, , 1+b^, ,1+b 
• ) dt 
: 60 : 
s r ( o r(c-2^p 
7"(c- A^- ti^ L-'^ /^ T^r^ ^ " "^2- ^2^ 
% 
m+1, n+2 y-
p+2,q+l ( = 
c+ A^+^^"2^^-3/2,0+ A^-\i^'2^^- |, (ap) 
(b ) 
q 
(3.4.11) 
under the conditions state above. 
In particular, if we take i n = l = q , p = 0 = n and 
bj^  = 0 in (3.4.11) and use 
2^^ [a,b; c; -z] 
Zr(c) 1,2 
r(a)r(b) 2,2 {•• 
-a, -b 
-1, -c 
, we find that 
/ 
0 
2^1^-c+l ry-''^2-^2' I -'^2-^^2' ^ - ^ 1 - k^ l"*-^  l \ 
^ 3^2 ^ ' "^ ' 
c-2^. 
2tx,+2,2 
X 2^1 i 'y -St i dt 
r(c)r(c-2^^)r( ^^ -^ +^5/2) 
r (2^i+2)T(c- ^^-ii^+i/2)T;(^ ^2^2^ 
22 
G (s 
22 c-2^2-2, 0 
where | arg s | < ^ , Re( 2|ij^-c- /A 2+ ^ 2 - 3 / 2 ) > 0 , 
Re(c) > 0 and Re(c-2vij^) > 0 , 
CHAPTER IV 
SOME THEOREMS ON THE GENERALISED LAPLACE TRANSFORM 
4.1 INTRODUCTION; In this Chapter some more properties of 
the generalised Laplace transform (2.5.1) are given. The 
results are stated in the form of seven theorems, which include 
generalisations of results given by Humbert [28 ], Bose [ 17 ], 
Rathie [ 44 ], Roop Narayan [ 48 ], Dinesh Chandra [ 20 ] and 
Bhonsle [12 ]. These results according to the author, are 
believed to be new. 'Some examples have also been given in 
support of these theorems and a few infinite integrals evaluated 
therefrom. 
S-1 
4 . 2 THEOREM 1; I f (t)(s) = G [ t f ( t ) : ( a ) ; (b ) ] , 
f ( s ) V 
Ai, ^1 
h ( t ) 
and 
1- /\ +Vi \i. 
s h ( s ) = g ( t ) , (n 2 1) 
then 
(})( s) = / w ( s ,x) g( x )dx , 
0 
( 4 . 2 . 1 ) 
where 
u( s ,x) = \i £• -xy A - n T - l n+2,m G X q+l ,p+2 
( ^ 
- ( b q ) , S-- A^ + \x^ + 1/2 
)dy ( 4 . 2 . 2 ) 
: 62 : 
prov ided t h a t p+q < 2 (m+n), | a rg s | < (m+n—2P—^q)!!, 
Re( A ^\i^^\i^) > 0 , Re( s) > S^ > 0 , R e ( - b .) < Re( 6"+^.|^mj^ + l ) , 
f o r j = 1 ,2 , ,m, the Laplace t r ans fo rm of | g ( x ) | and 
the Varma t r ans fo rm of | h ( t ) j e x i s t and the i n t e g r a l ( 4 . 2 . 1 ) 
i s a b s o l u t e l y c o n v e r g e n t . In p a r t i c u l a r , when [i, = 1, 
(lo(s,x) i s known, then 
» "b - ' \ m+l,n+2 
({)(s) = / X G ( s x 
0 p+2,q+2 
1- £-2)i^,l-S , l+(ap) 
^ j g (x)dx . 
( 4 . 2 . 3 ) 
COROLLARIES; 
(1) On t a k i n g m = 2 = q, p = 1, n = 0 , a, = -^  + m, - k, , 
b, = 2m, , b„ = 0 and S = > '+ l in ( 4 . 2 . 1 ) , we g e t the r e s u l t 
( 1 . 2 . 2 2 ) due to Roop Narayan . 
(2) m = 1 = q, p = 0 = n, b^ = 0 , S^" = x )+ l and 
/\, + ^1, = 1/2 r educes ( 4 . 2 . 1 ) to a known r G s u l t due to 
Bose [ 17 ] . 
(3) On taking q = 2 = m, p = 1, n = 0, a, = 'o "*" "^1 ~ '^1 ' 
b^ = 2mj^, b2 = 0, S = i)+1 and -^ i "^  t^i ~ 2 ^^ (4.2.3) , we 
arrive at a known result due to Rathie [45 ]. 
(4) When q = 1 = m , p = 0 = n = ^ 2' <5*=^ '*'1» and 
i^ = 1, we get another result due to Rathie [ 44 ] . 
PARTICULAR CASES; (I) On taking m = 2 = q, p = 1, n = 0, 
., - a in theorem I , a = -a - k, , b. = m, - a and b^ = -m, 
we get the following result; 
63 : 
If (i)(s) M 
a, k , , m. 
( f - 1 
t f ( t ) , 
f ( s ) ATVI^ h ( t ) 1 ' ^*1 
1 - /i +IJ, \i 
and s h ( s ) = g( t ) , (^ 2 l ) J 
t h e n 
({)(s) = / g ( x ) U 3 ( s , x ) d x , 
0 
( 4 . 2 . 4 ) 
where 
oo - x y ^- t iS" - 1 
C ( s , x ) = H / e y X 
0 
22 ^ 
G ^ 
33 ^ 
) dy ( 4 . 2 . 5 ) 
p rov ided t h a t Re( A+ V^l^i ± V^V^^) > 0 , 
Re( S+ \i^ ± \ii -SI m^  + 1) > 0 , Re(s) 2 s^ > 0 , the Laplace 
t r a n s f o r m of | g ( x ) | and the Varma t r ans fo rm of 1 h ( y ) | e x i s t 
and the i n t e g r a l on the r i g h t hand s ide of ( 4 . 2 . 4 ) i s a b s o l u t e l y 
c o n v e r g e n t . 
( I I ) When m = 2 = q, p = 1, n = 0 , a^ =-i)+a, h^ = a, 
bp = "9+0 - L and ^ = L, (4 .2»L) r e d u c e s to 
oo S-A 32 
(t)(s) = / s G ( sx 
0 34 
1 - r - 2 n j ^ , 1-(S", ^ +CJ+1 
A - o ^ , a + 1 , > ' + o , A^^\i^- S+l/2 
) dx, 
( 4 . 2 . 6 ) 
: 64 : 
where 
E S-1 
(J3(s) V t f ( t ) , 
f(s) 
>?,a 
V 
\ . til 
h(t) 
and 
s h ( s ) = g ( t ) , 
prov ided t h a t Re(:i5 ) > 0 , Re( ^ + n^ ^ + \i^) > 0 , Re( s) 2 s^ > 0 , 
Re( S+ o •Hi^ ±^^1+1) > 0 , Re(6" + >^  + a + n , + \i^) > 0 , the Laplace 
t r a n s f o r m of l g ( x ) | and the Varma t r ans fo rm of | h ( y ) | e x i s t 
and the r i g h t - h a n d s i d e of ( 4 . 2 . 6 ) i s a b s o l u t e l y c o n v e r g e n t . 
4 . 3 THEOREM 2; I f ({)( s) = G [ t > ' f ( t ) : ( a ) ; (b ) ] , 
f ( s ) 
M 
I . A ,H 
h ( t ) 
1 - /^,-HAi ^i, 
and s ^ ^ h ( s ^) = g ( t ) , {\i > 1) 
then 
oo 
(t)(s) = / g(y) "cy, ( s , y ) d y , 
0 
oo - x y ^ , - i P t i , - ^ , - l n+2,m 
where ^-f K s,y) = \i J e x G 
0 q + l . P 
( ^ ^ s 
- ( b q ) , ^ - 2 p +1 
( 4 . 3 . 1 ) 
q+l ,p+2 
3 dx, (4 .3 .2) iP-P +VI+1, >>- P+vi+l, ( - a p ) 
p rov ided t h a t p+q < 2(m+n), | a rg - ^ j < (m+n- ^p - •^q)!!, ? / 
Re( /^^ - p ^ ^ + n^i^) > O, Re(b j ) < Re(: i^- P+ ^i+2) , Re(s) > s^ > o', 
: 65 : 
Re(v>+niin, b . - A^^ + ti+2) > 0 , f o r j = 1 ,2 , ,m the Laplace 
t r a n s f o r m of 1 g( x) ] and Mainra t r ans fo rm of | h( y) j e x i s t aiid 
the i n t e g r a l ( 4 . 3 . 1 ) and ( 4 . 3 . 2 ) a re a b s o l u t e l y c o n v e r g e n t . 
A PARTICULAR CASE; When P = /i , Mainra t r ans fo rm reduces to 
Me i j e r t r ans fo rm and we g e t the f o l l o w i n g r e s u l t : 
and 
I f (t)(s) = G [ t 2 ^ f ( t ) : (Bp) ; ( b q ) ] , 
A+ i 
f ( s ) 2_>h( t ) 
1- A-,+\i} ^1 
^ ^ h(s )^ t g ( t ) , (^1 1 1) 
then 
(t)(s) = / g (y ) 0 )^ (3 ,y )dy , 
0 
where 
( 4 . 3 . 3 ) 
w ^ ( s , y ) = i^ / e 
^ 0 
-xy / i i - ^ ^ i - ^ 1 - 1 n+2,m 
x_ 
s 
- ( b q ) , : P - 2 ^ +1 
•>>- A-\i-^l,y>- A-^+1, - ( a p ) ) d x . 
q+l ,p+2 
( 4 . 3 . 4 ) 
prov ided t h a t the c o n d i t i o n s s t a t e d in theorem 2 are a l l s a t i s f i e d . 
COROLLARY 1; On t a k i n g m = l = q , p = 0 = n , b, = 0 and 
P = A = \i in theorem 2 , we g e t a r e s u l t due to Bose [ 17 ] . 
COROLLARY 2: When m = 2 = q, p = 1 , n = 0 , a^^ = ^ +m^ - k^ ,^ 
b^ = 2mj^, b2 = 0 , tij^  = 1 and P = A - n , ( 4 . 3 . 1 ) g ive s a 
r e s u l t due to Ra th i e [ 45 ] . 
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4 . 4 THEOREM 3; I f (t)(s) * G [ t ^ f ( t ) : ( a ) ; ( b ) ] , 
f ( s ) L 
•p >o 
=^h(t) 
1-A -Hi Vi 
and s h ( s ) = g( t ) , (la 2 D 
then 
where 
<!)( s) = / g( x) aJ-( s , x ) d x , 
0 ^ 
~ "^y 4 -^ <S" -Ki-l n+2,in 
0). 
^ 
( ^ 
| ( s ,x ) = n / e 
0 
a+ £"+1, a+V + (S" , - ( a ) -^  
q+1,p+2 
( 4 . 4 . 1 ) 
( 4 . 4 . 2 ) 
prov ided t h a t R e ( l ) ) > 0 , Re (^ -ma) > 0 , Re( A+\ia-^-i} -•\x) > 0 , 
pi < (m+n-^p-i( p+q < 2(m+n), | arg -^1  -2P-2q)^» Re( s) > s^ > 0 , 
R e ( - b . ) < Re [ (a+^-f^^* +3/2 ± {^ •- ji> )} , fo r j = 1 ,2 , ,ni 
the Laplace t r ans fo rm of | g ( x ) | and the i n t e g r o - e x p o n e n t i a l 
t r ans fo rm of 1h(y)1 e x i s t and the i n t e g r a l s ( 4 . 4 . 1 ) and 
( 4 . 4 , 2 ) a re a b s o l u t e l y c o n v e r g e n t . 
PARTICULAR CASES OF THEOREM 3; 
( i ) With q = 2 = m, p = 1, n = 0 , a^ = ^ +mj^  - k^ ,^ 
b, = 2mj^ , b2 = 0 and ti = 1 theorem (3) assumes the following 
form: 
V 
If (t)(s) 
Kj^.m^^ 
t^f(t) 
f(s) 
2-A 
and s h( s) = g( t) , 
^ h(t) 
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t h e n 
oo 5^- A+1 3 , 2 
(()(s) = / X G ( s x 
0 3 , 4 
-a- S ,l-y>-a~£ , mj^-kj^+3/2 
}3( x )dx , 
.^- ( T - l , 2m^+ l , 1 , - a - V - ^ 
( 4 . 4 . 3 ) 
where Re( A+a) > 0 , Re( A + a +V>-1) > 0 , Re( s) > 0 , Re(3^ ) > 0 , 
Re^a+£+^'^+^ +m^ + {m^ ''" ^ " ^ ^ ) } > 0» the L a p l a c e 
t r a n s f o r m of ) g ( x ) ) and the i n t e g r o - e x p o n e n t i a l t r a n s f o r m 
of I h ( x ) 1 e x i s t and t h e i n t e g r a l ( 4 . 4 . 3 ) i s c o n v e r g e n t . 
( i i ) I f we t a k e m = 2 = q, p = l , n = 0 , a, = P + T ] , 
b , = p , b2 = f + n - l and n = 1 i n ( 4 . 4 . 1 ) , we a r r i v e a t 
t h e f o l l o w i n g r e s u l t : 
and 
f ( s ) 
-^ ,cr 
^ h ( t ) 
2-A 
S h ( s ) = g( t ) , 
t h e n 
oo ^ - ^ + 1 32 
<t>is) = f X G ( s x 
0 34 
-a-S .l-a-^-S, e+r)+l x / s^ 
; g ( x ) d x , 
A - ^ ' - l , P + 1 , P+n , -a-2)-8 
{A,A,A) 
where R e ( i ) ) > 0 , Re(Ti) > 0 , R e ( s ) > 0 , Re( A + o ) > 0 , 
Re( a+V>+ a-1) > 0 , R e { (a +S+ j^+ P + 3 / 2 ) + ( ^ - ^ J^  ) j > o , 
Re ( ( a+ iS"+^ : i ^+ P +T1 + 5 ) + ( ^ - | i ^ ) ^ > 0 , t h e L a p l a c e t r a n s f o r m 
of | g ( x ) | and the I n t e g r o - e x p o n e n t i a l t r a n s f o r m of | h ( x ) | 
e x i s t and the i n t e g r a l ( 4 . 4 . 4 ) i s c o n v e r g e n t , 
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4 . 5 THEOREM 4; If (^ C s) = h( t ) 
2-1 
and 
s h ( s ) = G [ g ( t ) : ( a p ) ; ( b^) ] 
^ -2k 
s^ g ( s ) = f ( t ) , 
then 
(t)(s) 2k- 1 + 3 / 2 _oo n+2,in • i -2k -b^ , , i - 2 k - b , / G ' ( s t 
0 q,p+2 
1 1 1 V(t)d1 
0 , I —2k—2»"9~2k—a-i , • • >2~ n 
( 4 . 5 . 1 ) 
p rov ided p+q < 2(m+n), | arg s |< (m+n-^p-2q)TC, | arg t | < z^ n, 
Re(b j -K . ) > 0 , Re(b^+2k) > - 5 , fo r j = 1 ,2 , ,m, 
Re(a^+2k+l) < ^, f o r i = l , 2 , . . . . , n , R e ( 2 k - 1 + 2 ) < ^ and the 
i n t e g r a l ( 4 . 5 . 1 ) i s c o n v e r g e n t . 
COROLLARY; I f we take m = 2 = q, p = l , n = 0 , a, = -2k , , 
b, = ini--l<i and b2 • - m , - k , in ( 4 . 5 . 1 ) , we g e t a r e s u l t given 
by Verma [ ^^ ] . 
4 .6 THEOREM 5t If (()(s) = G [ h ( t ) : ( a ) ; ( b ) ] , 
and 
2-t 
s h ( s ) = g ( t ) 
i - 2 k - l / 2 
a( 
s gib = f ( t ) , 
then 
| - 2 k - ( b ) 
^ , , V ( t ) d t , (4.6.1) 
0 , i - 2 k - l / 2 , l / 2 - 2 k - ( a J - * 
p rov ided t h a t p+q < 2(m+n) , | a rg s | < (m+n-^p-^q)Tr, Re(b .+ ^ ) > 0 , 
7c-k 00 n + 2 , m . 
4)(s) = s^ / G ( | 
0 q,p+2 
: 69 : 
Re(b.+2k) > - 1 / 2 , Re(a^+2k+l) < l / 2 , f o r j = 1 , 2 , ,m 
and i = 1 ,2 , n, Re (2k- 1+2) < l / 2 and the i n t e g r a l 
( 4 . 6 . 1 ) i s c o n v e r g e n t . 
COROLLARY; On t a k i n g m = 2 = q, P = 1, n = 0 , a^ = -2kj^, 
b, = m^-^i and b^ = -mj^ -K-,^  in ( 4 . 6 . 1 ) , we g e t a r e s u l t 
due to Verma [ ^^ ] • 
4 . 7 THEOREM 6; I f (^[s: ( a p ) ; ( b ^ ) ] = G [ f ( t ) : ( a p ) ; ( b ^ ) ] 
and V"s f ( ^ ) = G [ g ( t ) : ( a p ) ; ( b ^ ) ] , 
then 
P q 1 1 
2 , , p+m+n-2q+Ea.-Eb. m+n-^^p-^q 
4)[s : i ( a j ; i ( b J ] = G[2 1 M J (TI) ^ ^ X 2 V a p ^ » ^VD^j 
2p-2q 2 
t g (2 t ) : ( a p ) ; ( b ^ ) ] , ( 4 . 7 . 1 ) 
p rov ided t h a t Re(s ) > s > 0 and the g e n e r a l i s e d Laplace 
° 2p-2q 2 
t r a n s f o r m s of | g ( t ) | and | t g (2 t ) | e x i s t . 
(XROLLARY It On t a k i n g m = 2 = q, p = 1 , n = 0 , 
a, = •5+m,-k, , b, = 2m, and b2 = 0 in theorem 6, we o b t a i n 
a known r e s u l t ( 1 . 2 . 2 4 ) . 
COROLLARY 2; On t a k i n g m = l = q , p = 0 = n and b, = 0 in 
( 4 . 6 . 1 ) we g e t a n o t h e r known r e s u l t on the Laplace t r ans fo rm 
g iven by Humbert and McLachlan [ 37 ] 
If (t)(s) = f ( t ) 
and V"s f ( ^ ) = g ( t ) . 
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then 
( t ) ( s^ = ( % t g ( t / 4 ) , 
p rov ided t h a t Re(s) 2 s^ > 0 and the Lap lace t r ans fo rm 
| g ( t ) l and 1t g( t / 4 ) | e x i s t . 
4 . 8 THEOREM 7: 
If G [ f ( t ) : ( a p ) ; ( b^) ] =(J)[s: ( ap) ; ( b^) ] 
and G t ^ ^ ( T ) - ( a p ) ; ( b^) ] = I 1 J ( S : ( a p ) ; ( b^) ] , 
^^"" q P 1 1 
2 2q+Eb . -Ea . -p -m-n ^p+^q-m-n 
G [ f ( t ) : ( a p ) ; (b^) = 2 1 ^ 1 ^ ( n ) ^ ^ x 
, 2p-2q 2 , , 
i l | j [ (2 s ) : ^ ( a p ) ; i ( b^) ] ( 4 . 8 . 1 ) 
p rov ided t h a t Re(s ) 2 s > ^ and the g e n e r a l i s e d Laplace 
o 2 
t r a n s f o r m of | f ( t ) | and | f ( t )] e x i s t . 
COROLLARY 1: When m = 2 = q , p = l , n = 0 , ^\ - \ +1"! "^^ 
b, = 2m, and \i^ - 0 , we g e t a known r e s u l t ( 1 . 2 . 2 5 ) given by 
Roop Narayan [ 4 8 ] . 
COROLLARY 2 : On t ak ing m = l = q , p = 0 = n and b, = 0 , the 
theorem r e d u c e s to a known r e s u l t of the Laplace t r ans fo rm 
given by McLachlan and Humbert [ 37 ] •. 
I f f ( t ) = (t)(s) 
and i - ( t ) ( i / t ) = l lKs) , 
V t^ 
: 71 : 
then o 
2 -1 
f(t ) = 2(sV"7t) llJ(l-), (4.8.2) 
provided that Re(s) 2 s > 0 and the Laplace transform of 
|f( t)l and lf( t )1 exist. 
CHAPTER V 
SOME THEOREMS INVOLVING INTEGRAL TRANSFORMS 
5.1 INTRODUCTION; This Chapter i s devoted to r e s u l t s connecting 
the genera l i sed Laplace transform (2 .5 .1 ) defined in Chapter I I 
with some In t eg ra l transforms l i ke the Hankel transform, the 
genera l i sed Hankel transforms given by Aqrawal [ l ] , Mehra 
[ 38 ] , and Roop Narayan [ 51 ] and the Y^ - Hj* transforms 
defined by Titchmarsh [ 63 ] . The r e s u l t s are given in the form 
of four theorems. A good number of p a r t i c u l a r cases of these 
theorems happen to be those which have been given from time to 
time by d i f f e r e n t au tho r s . Using these r e s u l t s some i n f i n i t e 
i n t e g r a l s in which the integrand is the product of two G-functions 
and the l i k e t ha t have been evaluated are a lso given. 
5.2 Before giving the main theorems of t h i s Chapter, we give a 
br ie f in t roduc t ion of the d i f f e r e n t I n t eg ra l transforms which 
have been used he re in . 
Hankel formula 
oo oo 
f ( x ) = / u J , ( x u ) d u / y Jv3(yu) f ( y ) d y , ( 5 . 2 . 1 ) 
0 " 0 
where J^(x) is a Bessel function of order 1) 2 -l/2, may be 
expressed by the two integral equations 
1/2 
f(x) = / (xy) J^ j(xy) g(y)dy, (5.2.2) 
0 
and 
1/2 
g(x) = / (xy) Ji^(xy) f(y)dy. (5.2.3) 
0 *^  
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The two functions f (x) and g( x), so connected, are said to 
be the J^ -transforms or Hankel transforms of each other. 
Agrawal [ 1 ] gave a generalisation of the Hankel 
transform (5.2.1) by means of the integral equations; 
, ^  ex, ^ 4 i^ , 2 2 
f(x) = (i) / (xy) 2 j^ (1 y ) g(y)dy (5.2.4) 
0 
and 
2 ^ 2 ^ ^^ 
g(x) = / (xy) ^^  ^ 2 
^ 0 
1 
-1 
J^ .^i ( V ^ ) f(y)dy, (5.2.5) 
where 
r 
|i oo (-X) 
JA (X) = ^ —;=: . W > 0) (5.2.6) 
r=0 r|| (A-n^ r+l) 
introduced into Analysis by Wright [70 ]. 
When i^ = 1, (5.2.5) and (5.2.6) reduce to Hankel Integral 
formulae (5.2.2) and (5.2.3) respectively. 
The function f(x) satisfying (5.2.4) is said to be the 
J^  -transform or the generalised Hankel transform of g(x). 
Another generalisation of the Hankel transform (5.2.?) 
is given by Mehra [ 38 ] by means of the integral equation 
-y) ^ i) +1/2 (z^^y^) 
f(x)=2 / (xy) XiJ,k-4 '"^  g(y)dy, (5.2.7) 
0 2 
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where 
•p (2m)T~( i^ -m-3k+l ) k-m 
X X 
( 5 . 2 . 8 ) 2F3 | k - m + l , i ; - m - 3 k + l ; l -2m, 2J-m-2k+m+l; - x V . 
When k = -m, ( 5 . 2 . 7 ) r e d u c e s to ( 5 . 2 . 2 ) . The t r ans fo rm in 
( 5 . 2 . 7 ) i s known as the Xi) k+ -»m — t r a n s f o r m of g( x) . 
Roop Narayan [ 51 ] has a l s o g iven a g e n e r a l i s a t i o n of 
( 5 . 2 . 1 ) in the fo l l owing form: 
1 / 2 00 v , u 1 2 2 
I f f ( x ) = 2 / G (^x y 
0 2u,2v 
) g ( y ) d y . ( 5 . 2 . 9 ) 
then 
1/2 ~ v , u 1 2 2 
g(x) = 2 / G (^x y 
0 2u,2v 
) f ( y ) dy. ( 5 . 2 . 1 0 ) 
The Hankel t r a n s f o r m s ( 5 . 2 . 2 ) and ( 5 . 2 . 3 ) are o b t a i n a b l e 
from ( 5 . 2 . 9 ) and ( 5 . 2 . 1 0 ) , f o r u = 0 , v = 1, d^^ = 4 + ^ and 
d^ = :^ ~ 2' "^^ "^  r e p l a c i n g 
10 , 2 
02 ^ 
^^i, k-i) b y f l Jj(x), ( 5 . 2 . 1 1 ) 
we shall denote (5.2.9) symbolically by 
f(x) = H[g(y): (c^), | - (c^); {dy) , \ - ( d^) ] (5.2.12) 
A slightly different type of the Integral transform 
defined by Titchmarsh [63 ] runs thus: 
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1/2 
If f(x) = / (xy) , YjCxy) g(y)dy, (5.2.13) 
0 
then 
1/2 
g(x) =/(xy) Ho(xy) f(y)dy, (5.2.14) 
0 
where Yi;(x) is the Bessel function of the second kind of 
order l) and Hi) (x)^the Struve function order "D . 
These integral equations define the "Vii- and Hi)-
transforms of g(x) and f(x) respectively and are symbolically 
denoted by 
f(x) ^  g(y) 
and 
g ( x ) | f(y), 
respectively, 
5.3 THEOREM 1; If ({)( s) is the generalised Laplace transform 
of f ( t) , and f ( t) is the J^  -transform of g( y) , then 
4)(s) = s / g(y) llJ(s.y)dy, (5 .3 .1) 
0 
where 
m n 
( , / l c F ( b . + ^+2r+3/2) X F ( - a , - . \ - 2 r - l / 2 ) 
i l i^ „ 1=1 -^  i=i J llJ(s,y) = E 
O i r 
j=m+l' -^  j=n+l 
A+2r+l/2 1 
~=^ Is 1 1 i-h -A -2T-1/2) 4 I ( ^ +aj+2r+3/2) 
X ( | ) ;i+2r 
2 T"(a -nir+l) 
(5 .3 .2 ) 
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prov ided t h a t p+q < 2(m+n), 1 arg sj < (m+n-jp-^q)7i , 0 < |i <. 1 
and -min R e ( b . ) < Re( '^-1-5/2) < l-max R e ( a . ) . 
Kj<.m -^  11 J i n 
PARTICULAR CASES; 
(1) When m = 2 = q , p = l , n = 0 , ^ I ' s " ^ m^-k^^, 
b, = 2m, and b2 = 0 , the g e n e r a l i s e d Lap lace t r ans fo rm reduces 
to Varma t r ans fo rm and we g e t a n o t h e r r e s u l t due to Singh [59 ] . 
(2) On t a k i n g m = l = q , p = 0 and b^ = 0 , we g e t 
the f o l l o w i n g r e s u l t fo r the Laplace and g e n e r a l i s e d Hankel 
t r a n s f o r m s : 
If (t)(s) = f ( t ) 
and f ( t ) i s J^ - t r a n s f o r m of g( t ) , 
then 
(t)(s) = / ' " g ( y ) ill ( s , y ) d y , ( 5 . 3 . 3 ) 
0 2 
where 
r 
1/2 CO ( -1 ) Y'i A+2T+3/2) A -i-2r-H/2 
llj2(s,y) = 2 E ( y / 2 s ) 
^^ ir n -^H r^+1) 
( 5 . 3 . 4 ) 
p rov ided t h a t Re( s) > 0 , Re( A-1-3/2) > 0 , and 0 < ji _< 1 . 
5 .4 We how o b t a i n the r e l a t i o n between the g e n e r a l i s e d Laplace 
t r ans fo rm of t f ( t ) and the g e n e r a l i s e d Hankel t r ans fo rm of 
f ( t ) g iven by Roop Narayan [ ^ i ] , where Re(n) > - 1 , The 
r e s u l t may be s t a t e d t h u s : 
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THEOREM 2; If f (t) and H[f(t): (c^^, ^ -( c^);( d^) ,i-( d^) 
belong to L(0,oo) , then 
G[x f(x): (ap); ( b^) ] = /~0( s,y)H[f ( x): ( c^) ,i-( c j ; ( d^) ,i-( d^) ] dy, 
where 
e(s,y) = ^ 
v+2n,u+2m / / 
G ( ^ 
2u+2q,2v+2p \ s 
-H-1 E b . - Ea.+vi+l/2 
o 1 ^ 1 
(Cy), A [ 2 , - ^ - ( b ) ] , i - ( c j 
1 , . . / ^ ' ( d v ) , A [ 2 , - i i - ( a p ) ] , i - ( d v ) 
( 5 . 4 . 1 ) 
( 5 . 4 . 2 ) 
prov ided t h a t Re(n) > - 1 , p+q < 2(m+n), Re( s) > s > 0 , 
1 arg s | < (m+n- ip - -^q)!! and Re[min. b . + 2 min. 6^] > 
Re(-vi - l ) > Re(2 c^-3) , f o r j = 1 ,2 , . . . . , m ; i = 1,2 ,v 
and h = 1 ,2 , , u . 
PARTICULAR CASES OF THEOREM 2: 
(1) When m = p+1 = q, n = 0, a^ = ct^ +T]^  (1 = l,2f • ^ tP) , 
bj = ocj (j = 1,2,....,p) and b . = p , we get a result due to 
Sexena [ 53] for the generalised Laplace transform (1.2.44). 
(2) On t a k i n g m = 2 = q, p = 1, n = 0 , a, = -^-k, 
1 l ) b^ = m^-A , b2 = -m^-A , v = l , u = 0 , " ^ 1 = 4 + 2 " ^"'^ 
1/2 1/2 
w r i t i n g y g(y) fo r g( y) , t f ( t ) f o r f ( t) and \i 
fo r i^ + 1/2 , we g e t a r e s u l t due to Singh [ 6 0 ] . 
(3) With m = 2 = q , p = l , n = 0^ a^^ = - 2 k ^ , b^ ^ = m^^-kj ,^ 
^2 ~ " '"i" '^i» u = 0 , V = 1 and d^ = Jjf^v) 
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r e s u l t due to Singh [ 58 ] . 
5 .5 We now c o r r e l a t e the g e n e r a l i s e d Lap lace t r ans fo rm v;ith 
the Yi3-and Hj j - t r ans fo rms . The r e s u l t s a re g iven in the form 
of the f o l l o w i n g two theorems: 
THEOREM 31 I f x f(Vx) and ^(x) be long to L(0,oo) 
and if 
(t>(s) = G[x f ( f x ) : ( a p ) ; (b^) ] , 
H 
then 
l | j(s) = f ( x ) , 
2^+1/2 oo _2LI n+2,m 
(})(s) = 2 ^ / y G ' ^ 
0 q+l ,p+2 
M s 
-(bj, -^4l3.i/4 
i''"i ^ \ 7 ' 1 1 ^ i|'(y)dy. ( 5 . 5 . 1 ) 
4 s i 1_ 1 p rov ided t h a t p+q < 2(m+n), j a rg —^| < (m+n—pP-^q)^, Re(y) > 0 , 
y 
- 1 / 2 < R e ( ^ ) < 1/2 , Re(b.+vi-t ^ l) ) > - 5 / 4 and Re(a^+ti) < 1/2, 
fo r k = 1 ,2 , ,m and i = 1 , 2 , . . . . , n . 
COROLLARY; When m = 2 ^ q , p = l , n = 0 , a ^ = - 2 k ^ , 
b, = in,-k, and b2 = - m . - k , , we g e t a r e s u l t g iven by 
Verma [ 6 7 ] . 
PARTICULAR CASES; ( l ) When m = 2 = q , p = l , n = 0 , 
^1 ~ ">j^-kj^+l/2, b^ = 2m. , b2 = 0 and ^ = 0 , we g e t the 
fo l l owing theorem f o r Varma t r ans fo rm: 
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I f fCfx) and l(j(x) be long to L(0,oo) and i f 
V H 
(j)(s) = = f(Vx) and l l J ( s ) = f ( x ) , 
1» 1 
then 
1 1 CO 2 2 ^ 2 - 2m . 0 , - i - ^ i ) 
( l ) ( s ) = r 2 / G ( ^ 1 ^ ^ 1 i . \ .^ , 1 > ( y ) d y , 
0 34 ^^^ 4 " ^ ^ » 4"^  i ^ , k ^ - m ^ - l / 2 , - l / 4 - i l ) j 
( 5 . 5 . 2 ) 
p rov ided t h a t Re(2ni^-4 ^+^ / ' ^ ) > 0 , Re(m^-k^) < 0 , 
4 < Re(i) ) < 1/2, Re(s ) > 0 and y > 0 . 
(2) When we take m = 2 = q , p = i , n = 0 , a ^ = - A - ! < , 
b^ = m^-A and h^ = -012"^ in ( 5 . 5 . 1 ) , we g e t the f o l l o w i n g 
r e s u l t : 
I f X f(V"x) and I1J( x) belong to L(0,oo) 
and i f 
(t)(s) M J:^,' (^^^^  
H 
and i|j(s) = f ( x ) , 
then 
2n+^ ^~ ~2n 22 ^J^l A-m^f /<+m^,H-4l) - 1 / 4 (|)(s) =2-^ f y G f x . 
0 34 ^4s 
)'lJ(y)dy, 
( 5 . 5 . 3 ) 
p rov ided t h a t Re( l )+2n-2/ i +2mj^+5/2) > 0 , Re(/ t+kj^-n) > l / 2 
Re(s ) > 0 , y > 0 and - | < Re( i ; ) < l / 2 . 
: 80 : 
5 .6 THEOREM 4; If f(V"x) and l|j( x) be long to L(0,oo) 
and if 
(t)(s) =G[ f (V"x ) : ( ap ) ; (b^) ] 
Y llJ(s) = f ( x ) . 
then 
(t)(s) 1/2 oo n+l,m+l 
0 q+ l ,p+3 ^^^ i; 
2 
1^ 
i i ^ + 3 / 4 , -b , , -b2 -b 
(5.6.1) 
4s 1_ 1 p rov ided t h a t p+q < 2(m+n), j arg - ^ | < (in+n-^p-^q)it , y > 0 , 
- I < R e ( D ) < ^ , Re (b j + ^ i ^ + | ) > 0 and 
Re(a^ + m a x . £ - 2 , Re - ^ < -^.^ for j = 1 , 2 , . . . . , m and 
i ^^  x , ^ , . . . . , n * 
PARTICULAR CASES; A few particular cases of the above theorem, 
which are worth mentioning, are given below: 
(1) On taking m = 2 = q, p = 1, n = 0, 
a, = ^  + m, -k, , b, = 2m, , b2 = 0 and using 
1/2 
f(x) = / (xy) JJ (xy) g(y)dy, 
0 
we g e t a r e s u l t due to Verma [ 61 ] . 
(2) On t a k i n g m = l = q , p = 0 = n and b, = 0 in 
( 5 . 6 . 1 ) , we g e t the f o l l o w i n g r e s u l t due to Verma [ €.1 ] : 
If (t)(s) = f(Vx) 
: 81 : 
and 
then 
\l3(s) = f ( x ) . 
_ ^ / 2 - 3 / 4 
^ 1 ^ 2 2^ oo i; +3/2 
(t)(s) = / y 
2^2 
1 ^ + 1 
•L, 2 ^ 4 
3 1) . 3 
^ ' 2 "^  2 
2 
4s ll)(y)dy. ( 5 . 6 . 2 ) 
where f(V"x) and l|j(x) be long to L(0,oo) , - i < Re(iJ ) < ^, 
y > 0 and Re(s) > 0 . 
(3) When we take m = 2 = q , p = l , n = 0 , 
a, = ^ + 0 , b, = a and b2 =^ \+o- l in ( 5 . 6 . 1 ) , we g e t the 
f o l l o w i n g r e s u l t f o r the I n t e g r o - e x p o n e n t i a l t r ans fo rm and 
the YiJ - t r a n s f o r m : 
If f(Vx) and l}j(x) be long to L(0,oo) and 
E (t)(s) 
A ,a 
^ f(Vx) 
Y 
then 
l|j(s) = f ( x ) , 
1 CO 1 3 ' 2 
7? «> i -5 / -
(l)(s) = 2 ^ / 0 • 
0 34 \ 4s 
iu +3/4, -a,a- /\ +1 -. 
1 . 1 .)^^^^^^^ | U +3/4 , - ^ - 0 , | - | , l + l 
(5 .6 .3 ) 
P - 1 / 2 
EXAMPLE; Le t f (x ) = x J^ (2x) 
Then l|J( y) i s given by [ 23 ] 
: 82 
S i n [ ^ - 2 J + P It] 17 ^ ( ^ +P±^+i) 
- / \ - P A + P+ 1/2 '^  
2 It r ( ^ + 1 ) y 
X 2? a-A + e+^+1 A+ e - v+i A+l • 2 J ' 
where R e ( - y \ + i ; ) < Re( P + l ) < 2 and y > 2 . 
To f ind (j)(s), we use [ 24 ] so t h a t , a f t e r a l i t t l e 
s i m p l i f i c a t i o n , we g e t 
A+ e+^+1 A+ P - i ^ + 1 
/ y 
0 
-A - P - 1 / 2 
2^1 [' 
+1 
±_ 
» 2 ^ ^ 
y 
n+l,m+l 
q+l,p+3 ^^^ 0 
3/4+^i^ , -b , - b ^ , . . . . , b 
^ i- ^ q Ady 
4+2*^ » -V a^) » 7 - - ^ » 7 +T-^ p ^ M 2 ' 4 ^ 
- ^ - p - i / 2 ( , 3 ) r ( ^ n ) 
s m f ^ i ^ ^ j i i ^ ] T7 ^CP-'l+^+i) 
m,n+l 
X G ( s 
p+2,q 
| ( ^ - P - ^ ) . (a ) . ^ ( ^ - P + A ) 
b ^ , b 2 , »b. 
( 5 . 6 . 4 ) 
p rov ided t h a t p+q < 2(m+n), | arg s | < (m+n-^p-^q)i t , 
- -^  < Re(i> ) < ^ , y > 2 , Re( - ^ +i) ) < Re( P +i) < 2 , 
Re( A +1) > 0 , Re(b j + ^ U + ^ P ) > _ | and Re( a^ + ^ P ) < 1/2, 
for j = 1 ,2 , ,m and i = 1,2 , n . 
: 83 : 
In p a r t i c u l a r , i f m = 2 = q, p = 1 , n = 0 , 
J, = m, - k, + l / 2 , b, = 2m. and b2 = 0 , ( " D . S . A ) g i v e s 
; y 
0 
D - A - P+1 
2^1 
{ 2 
A +1 
4__ 
' 2 
y 
1) 7 1) 
^ 3^3-
1, 2 + 2m^ + 4» 2 "^  4 
^ 1 ^ ^ 9 3 , N ^ 
•. - IT dy 4s 
V)- A - f f - P - / \ + l 
• f - ( l ) + 3 / 2 ) r ( f -k^+m^+9/4) 
r ( § - ^ ^ ) r ( | + 2 m ^ 4 ) T ; ( P + ^ + I ^ + D S i n [ ( ^ - i 3 + p ) | J 
X E[^( P + ^4 | )+2mj^, ^( P + -4 - H | ) : ^ ( P +X+ | )+m^-k^ ^ + l : s ] , ( 5 . 6 . 5 ) 
p rov ided t h a t Re( A+l) > 0 , y > 2 , - ^ < Re(y) < ^ , 
Re(i^ + P+3 /2 ) > 0 , | arg s | < J , Re(-/^ + i i ) < Re( P + l ) < 2 , 
R e ( | ^ + 5 P+2m^) > - 3 / 4 and Rei^-k^+m^-ij) > 0 . 
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